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Abstract 

In this paper, we provide a new method to construct a piecewise 

polynomial 1C  finite element in 2R  for a triangle. This process          

re-establishes the 1C  Clough-Tocher finite element. 
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1. Introduction 

Let Ω  be a connected polygonal bounded domain in 2R  and =ν  

{ }ν=ν Nii ...,,1,  be a set of νN  isolated scattered points in .Ω  

A collection { } Iii ∈=Δ T  of triangles is said to be a triangulation of Ω  

provided that: 

(1) ∪
Ii

i
∈

=Ω .T  

(2) The intersection of any two triangles is either empty, a single point or 
a common edge. 

We are aware of the fact that given any set { }ν=ν=ν Nii ...,,1,  of 

scattered isolation points in ,Ω  there are many triangulations of Ω  based on 
,ν  i.e., where the set of the vertices of all triangles is exactly the set of all .ν  

Practically, it is often a Delaunay triangulation which is given, but thereafter, 
we are not going to use any specific property of any triangulation. 

We focus the case where each triangle of Δ  is subdivided into three 
sub-triangles by joining each vertex to an interior point. Such triangulation                
is known as Clough-Tocher type [1, 2, 6, 9-11], and we denote this 
triangulation by .CTΔ  We let, in view of simplification, this point to be the 

centroid. 

The paper is organized as follows: In the following section, we introduce 
some notations and recall some basic results. Then, we present our process 

for constructing of a finite element of class 1C  of HCT type in Section 3. 

2. Preliminaries 

For a function ( ),Ω∈ rCS  we denote respectively by ( )i
p vC  and 

( )j
qC σ  the fact that S is pC  around the vertex ,ν∈iv  and qC  across the 

edge ,Σ∈σ j  the set of edges. 
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Let us recall from Ciarlet [5] that a finite element is a triplet ( ),,, LEK  

where K  is a polygon, E  is a space of functions and ∗∈ EL  is a finite set 
of degrees of freedom, defined on ,K  that enable us to build up functions in 

.E  The degrees of freedom are also called nodal values on .K  

L  is E -unisolvent iff: 

(1) ,dimEL =card  

(2) If L  being the set { },dim...,;1, EL == ili  then given E∈v  such 

that ( ) ,dim...,,1,0 E== ivli  then .0≡v  

Moreover, Ciarlet [5], a finite element ( )LEK ,,  is of class rC  if, 

whenever it is used to define the restriction to K  of a (global) function S, 
then S has a (global) smoothness r. 

Spline functions and finite elements approximation are close techniques. 
Constructing locally supported spline functions is quite easy when dealing 
with finite elements. In this case, the support of the spline is reduced to an 
element and its neighbors in the triangulation. Moreover, the explicit 
construction can be made for each element individually. For this purpose, 
polynomial finite elements have been heavily studied. 

To conclude this section, we give some notations: 

Given ( ) ,...,,1
d

d N∈ββ=β  where d is a nonnegative integer, we let 

∑
=

β=β
d

i
i

1
  and  ∏

=

β=β
d

i
i

1
!.!  

For ( ) 3
321 ,, N∈βββ=β  and ( ) 3

321 ,, R∈μμμ=μ , 

∏
=

ββ μ=μ
3

1
.

i
i

i  

Given 321 ,, AAA=T  a triangle with vertices ,1A  2A  and .3A  The 

barycentric coordinates ( )321 ,, μμμ=μ  of a point M relative of T  is the 
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unique solution of the system: 

 
⎪
⎩

⎪
⎨

⎧

=μ

=μ∑
=

.1

,
3

1i
ii MA

 (1) 

Let ( ) 3
321 ,, N∈βββ=β  be such that r=β  ( ).N∈r  For all 

functions f very smooth, we define 

( ) ( )
( )β
β

β

μ∂

∂=∂ MfMf   and  ( ) ( ),!
!∑

=β

ββ
η ∂η

β
=

r

r MfrMfD  

with the partial derivative and the rth directional derivative of f in the 
direction ( );,, 321 ηηη=η  .0=η  For ;3,2,1=i  ix  and iy  denote 

respectively the first and the second variable of iA  a point of .2R  

For ,1=r  we get: 

( ) ( ) ( ).
3

1

3

1
My

fyMx
fxMfD

i
ii

i
ii ∂

∂
⎟
⎟
⎠

⎞

⎜
⎜
⎝

⎛
η+

∂
∂

⎟
⎟
⎠

⎞

⎜
⎜
⎝

⎛
η= ∑∑

==
η  (2) 

For ,2=r  we get: 

  ( ) ( )M
x

fxMfD
i

ii 2

223

1

2

∂

∂
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
η= ∑

=
η  

  ( ) ( ).2 2

223

1

23

1

3

1
M

y
fyMyx

fyx
i

ii
i

ii
i

ii
∂
∂

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
η+

∂∂
∂

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
η

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
η+ ∑∑∑

===

 (3) 

3. Finite Element of Class 1C  

3.1. Introduction 

In this section, we revisit the Hiesh-Clough-Tocher (HCT) finite element 

and prove that it is of class .1C  
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It is well known that if 321 ,, AAA=K  is a non-degenerated triangle 

with vertices 21, AA  and 3A  and d is a positive integer, a polynomial P  of 

degree d can be written in Bernstein-Bezier form: 

( ) ( )∑
=α

αμ
α

α=μ
d

dC ,!
!P  (4) 

where ( )321 ,, μμμ=μ  denotes the barycentrics coordinates of a point M 

relative to the triangle K  and ( ) 3
321 ,, N∈ααα=α  such that .d=α  

To the coefficients ( ) ( ),,,, 321 ααα=ααC  named Bernstein-Bezier 

coefficient or B-coefficients or ordinates of Bezier, the following are points 

αP  of the triangle, where 

.;332211 dd
AAAP =α

α+α+α
=α  (5) 

The set ( )( ){ }dCP =ααα ,;  is the set of control points in .3R  

Representing the points in the triangle leads to the representation of the 
Bernstein-Bezier of a polynomial and emphases some geometrical properties 
such as, being collinear for some of them, convex hull property and so on. 
We refer to [3, 4, 7, 11] for more details on Bernstein-Bezier representation. 

Suppose now 321 ,, AAA=K  with vertices 21, AA  and 3A  be a 

triangle of ,CTΔ  subdivided into three triangles 21, KK  and 3K  such as 

,,, 102 ++= iii AAAK  where 0A  is the centroid of K  and 3+= ii AA  for 

.0>i  

Consider over K  the degree of freedom defined by the set: 

( ) ( ) ,3,2,1,;1;3,2,1,1
⎭
⎬
⎫

⎩
⎨
⎧ =

η∂
∂≤α=∂=Σ α iAfiAf i

i
iK  (6) 

where iA  is a strictly interior point of the edge [ ]11, +−=σ iii AA  for 
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3and2,1=i  with ii AA =+3  for 0≥i  and ( )i
i

Af
η∂
∂  is the normal 

derivative of f relative to this edge. 

Let 3P  be the space of polynomials of degree 3 over K  and 

( ) { ( ) }.3,2,1,, 3
0

3 =∈|∈= iSCS i PPP KKK  

This triplet ( ( ) )1
3 ,, KKK ΣPP  is the well-known HCT finite element 

which is of class 1C  and it is represented by Figure 1 below. 

 

Figure 1. Degree of freedom for .1=k  

We notice that the degree of freedom available on each sub-triangle iK  

is less that it is needed to construct a polynomial iP  of degree 3 on this sub-

triangle. It remains 3 to be able to determine all coefficients of which could 
be represented in Bernstein-Bezier form: 

( ) ( )∑
=α

αμ
α

α=μ
3

,!
!3

iiii CP  (7) 

where ( )321 ,, iiii μμμ=μ  denotes the barycentrics coordinates of a point 

iM  relative to the triangle .iK  

For all points ( ) ( )iiiii MfPM =μ∈ ,K  and ( ) ( ),iii PDMfD μ= ηη  

where 
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( ) ( ) ( )∑
=α

α
η μ

α
ηα=μ

2

1
!
!23 iiii CPD  

with ( ) ( ) ( ) ( ) ( )312111
1 ε+αη+ε+αη+ε+αη=ηα iiii CCCC  

and iε  denotes the ith vector of the canonical basis of 3R  for .3,2,1=i  

3.2. Determination of unknown coefficients 

The process of determination of the B-coefficients is the same on each 
sub-triangle, so let us consider a generic triangle CBA ,,=T  with 

vertices ( ),; AA yxA  ( )BB yxB ;  and ( )CC yxC ;  using the following degree 

of freedom: 

( ) ( ) ( ),,1,, BfCfAf
η∂
∂≤α∂∂ αα  

where ( )yxB ;  is the midpoint of the edge ACσ  and 
η∂
∂f  is the normal 

derivative of f relative to this edge. 

If P  is a polynomial of degree 3 expressed in Bernstein-Bezier form (4) 
on T  and ( )αC  denotes its B-coefficients, we get: 

( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

⎥⎦
⎤

⎢⎣
⎡

∂
∂−+

∂
∂−+=

⎥⎦
⎤

⎢⎣
⎡

∂
∂−+

∂
∂−+=

⎥⎦
⎤

⎢⎣
⎡

∂
∂−+

∂
∂−+=

⎥⎦
⎤

⎢⎣
⎡

∂
∂−+

∂
∂−+=

=

=

Cy
fyyCx

fxxCfC

Cy
fyyCx

fxxCfC

Ay
fyyAx

fxxAfC

Ay
fyyAx

fxxAfC

CfC

AfC

CBCB

CACA

ACAC

ABAB

3
12,1,0

,3
12,0,1

,3
11,0,2

,3
10,1,2

,3,0,0

,0,0,3

 

and 
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   ( )1,1,1C  

( ) ( ) ( ) ( )( ) ( ) ( )( )[ ]2,1,00,1,222,0,11,0,233,0,00,0,34
1 CCCCCC +−+++=  

( ) ( ) ( ) ( ) .3
2

⎥⎦
⎤

⎢⎣
⎡

∂
∂−+

∂
∂−+ By

fyyBx
fxx BB  

The unknown coefficients are in ,1K  ( ),0,2,11C  ( )0,3,01C  and 
( )1,2,01C  and in ,2K  ( ),0,2,12C  ( )0,3,02C  and ( ),1,2,02C  where 
( ) ( )1,2,00,2,1 21 CC =  and ( ) ( ).0,3,00,3,0 21 CC =  

By associating on each sub-triangle the B-coefficients, it comes on the 
triangle ,K  19 points presented on Figure 2 below. The open circles 
designate the known coefficients and the full circles those which are 
unknown. 

 
Figure 2. Bernstein-Bezier coefficients for .1=k  

Let 1
KP  be a set of spline functions defined as follows: 

{ ( ) }.3,2,1,, 3
11 =∈|∈= iSCS i PP KK K  (8) 

We are now in position to explain the process of determining on each 

sub-triangle the remaining three coefficients to get a spline of class 1C  on 
.K  We begin by considering ,,, 321 AAA=K  the black triangle with 

vertices ,1 BA =  CA =2  and AA =3  and ,,,~
321 BBB=K  the orange 

triangle with vertices 21, BB  and .3B  It will be associated to the six known 

coefficients of ,~
K  the set of degree of freedom: 

{ ( )} { ( )} ,3131
0~ ≤<≤≤≤=Σ jiijii BfBf ∪
K

 where ( ).2
1

jiij BBB +=  (9) 
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The triplet ( ( ) )0~2 ,~,~
K

ΣKK P  is Lagrange’s finite element of Type 2. Let 

us call P~  to be the polynomial of degree 2 defined on K~  with this degree of 
freedom. It can be expressed as: 

( ) ( )∑
=α

αγ
α

α=γ
2

,!
!2~~ bP  (10) 

where ( )321 ,, γγγ=γ  denotes the barycentrics coordinates of a point M 

relative to the triangle .~
K  

Let us consider the splitting of K~  derive from those of K  and denote                

by 102 ,,~
++= iii BABK  the triangle of vertices 02, ABi+  and 1+iB  for 

3and2,1=i  with ,3+= ii BB  for .0>i  The restriction iP
~  of P~  on a 

sub-triangle iK
~  can be written in the Bernstein-Bezier form like as: 

( ) ( )∑
=α

αγ
α

α=γ
2

,!
!2~~

iiii bP  (11) 

where ( )321 ,, iiii γγγ=γ  denotes the barycentrics coordinates of a point M 

relative to the triangle .~
iK  

For all ,3,2,1=i  the coefficients ( )αib~  can be expressed in terms of 

coefficients ( ).~
αb  For example, if 3=i  ( ),~i.e., 1023 BAB=K  we get: 

( ) ( )

( ) [ ( ) ( ) ( )]

( ) ( )

( ) [ ( ) ( ) ( )

( ) ( ) ( )]

( ) [ ( ) ( ) ( )]

( ) ( )⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

=

++=

+++

++=

=

++=

=

.0,0,2~2,0,0~
,1,0,1~0,1,1~0,0,2~

3
11,1,0~

,2,0,0~1,1,0~20,2,0~
1,0,1~20,1,1~20,0,2~

9
10,2,0~

,0,1,1~1,0,1~
,1,1,0~0,2,0~0,1,1~

3
10,1,1~

,0,2,0~0,0,2~

3

3

3

3

3

3

bb

bbbb

bbb

bbbb

bb

bbbb

bb

 (12) 



Koua Brou Jean Claude et al. 274 

Now, by representing the coefficients of each polynomial iP
~  on iK

~  for 

,3,2,1=i  we can associate a value to each unknown coefficient in .~
K  

Then, we have to examine if with these values, we are able to determine all 

coefficients of iP
~  and if the spline obtained on K~  is at least of class .1C  

Therefore, we must express the restriction 2
~

+iP  of iP
~  on 2

~
+iK  as a 

polynomial of degree 3. Thus, we need to raise the degree of 2
~

+iP  from 2 to 

3. This leads to 

( ) ( ) ( )∑
=α

α
++++ γ

α
α=γ

3
2

1
222 !

!3~~
iiii bP  (13) 

hence, the coefficients ( ) ( )α+
1

2
~
ib  can be expressed in terms of ( )α+2

~
ib  as, for 

example ,1=i  

( ) ( )( )∑
=α

αγ
α

α=γ
3

3
1

333 !
!3~~ bP  

with 

( )( ) ( )
( )( ) ( ) ( )
( )( ) ( ) ( )
( )( ) ( ) ( )
( )( ) ( ) ( ) ( )
( )( ) ( ) ( )
( )( ) ( )
( )( ) ( ) ( )
( )( ) ( ) ( )
( )( ) ( )⎪

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

=

+=

+=

=

+=

++=

+=

+=

+=

=

.2,0,0~3,0,0~
,2,0,0~

3
11,1,0~

3
22,1,0~

,0,2,0~
3
11,1,0~

3
21,2,0~

,0,2,0~0,3,0~
,2,0,0~

3
11,0,1~

3
22,0,1~

,1,1,0~
3
11,0,1~

3
10,1,1~

3
11,1,1~

,0,2,0~
3
10,1,1~

3
20,2,1~

,0,0,2~
3
11,0,1~

3
21,0,2~

,0,0,2~
3
10,1,1~

3
20,1,2~

,0,0,2~0,0,3~

3
1

3

33
1

3

33
1

3

3
1

3

33
1

3

333
1

3

33
1

3

33
1

3

33
1

3

3
1

3

bb

bbb

bbb

bb

bbb

bbbb

bbb

bbb

bbb

bb

 (14) 



Revisiting the Clough-Tocher Finite Element 275 

As we consider the restriction of iP  on 2
~

+iK  to be ,~
2+iP  the expressions 

of these two polynomials as elements of ( )23
~

+iKP  coincide so that, we can 

express the set of B-coefficients ( )βiC  of iP  on iK  in terms of the 

B-coefficients ( )α+2
~
ib  of 2

~
+iP  relative to .~

2+iK  Thus, let 2+γi  ( )iλ .,resp  

be the barycentrics coordinates of a point 2
~

+∈ iM K  ( )..,resp iK�  It comes, 

for example ,1=i  

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

λ=γ

⎟
⎠
⎞⎜

⎝
⎛ −λ=γ

λ=γ

1333

1232

1131

2
3

,3
1

2
3

,2
3

 (15) 

and ( ) ( )3311
~

γ=λ PP  means: 

( ) [ ( ) ( ) ( )]

( ) [ ( ) ( ) ( )]

( ) [ ( ) ( ) ( ) ( ) ( )]

( ) ( )

( ) [ ( ) ( ) ( ) ( )]

( ) [ ( ) ( ) ( ) ( ) ( )]

( ) ( )

( ) ( )

( ) [ ( ) ( ) ( )]

( ) [ ( ) ( ) ( )]⎪
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⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

+−=

++−=

=

=

+−++−=

+−+=

=

−++−=

−+=

+−=

2,0,0~91,1,0~60,2,0~
4
13,0,0

,2,0,0~31,1,0~20,2,0~
4
12,1,0

,1,1,0~1,2,0

,0,2,0~0,3,0

,2,0,0~31,1,0~40,2,0~1,0,1~60,1,1~24
12,0,1

,1,1,0~0,2,0~1,0,1~30,1,1~
4
11,1,1

,0,1,1~0,2,1

,1,1,0~20,2,0~1,0,1~60,1,1~40,0,2~34
11,0,2

,0,2,0~0,1,1~20,0,2~34
10,1,2

,0,2,0~0,1,1~60,0,2~94
10,0,3

3331

3331

31

31

333331

33331

31

333331

3331

3331
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bbbC

bC

bC

bbbbbC

bbbbC

bC

bbbbbC

bbbC

bbbC

 

 (16) 
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but with the subdivision algorithm for example, we can express the 
B-coefficients ( )βiC  of iP  relative to iK  in terms of the B-coefficients 

( )β+1iC  relative to .1+iK  Let iλ  be the barycentrics coordinates of a point 

iM K∈  and iP  be the polynomial with B-coefficients ( ),βiC  we get: 

⎪⎩

⎪
⎨
⎧

λ−=λ
λ+λ=λ

λ−λ=λ

2113

212212

212311
,3

,
 (17) 

and ( ) ( )2211 λ=λ PP  means: 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( )
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( ) ( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( )
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⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨
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=
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=
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+
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+
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.0,0,33,0,0

,0,1,22,1,0

,0,2,11,2,0

,0,3,00,3,0

,1,0,20,1,230,0,32,0,1

,1,1,10,2,130,1,21,1,1

,1,2,00,3,030,2,10,2,1

,2,0,1

1,1,160,2,191,0,220,1,260,0,31,0,2

,2,1,0

1,2,060,3,091,1,120,2,160,1,20,1,2

,3,0,02,1,091,2,0272,0,130,3,027

1,1,1180,2,1271,0,230,1,290,0,30,0,3

12

12

12

12

1112

1112

1112

1

111112

1

111112

11111

111112

CC

CC

CC
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CCCC

CCCC
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C

CCCCCC

C

CCCCCC

CCCCC
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 (18) 

By reiterating the process on the triangles 1K  and 3K  with the 

polynomials ( )11 λP  and ( ),33 λP  we obtain: 
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( ) ( )
( ) ( )
( ) ( ) ( ) ( )
( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( )
( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( )⎪

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

+
−+−+−

+−−+−=
+

−++−=
−+−=

=
+

−++−=
−+−=

=
−+−=

=
=

.2,1,0
3,0,02,1,091,2,0270,3,0272,0,13

1,1,1180,2,1271,0,230,1,290,0,33,0,0
,2,1,0

1,2,060,3,091,1,120,2,160,1,22,1,0
,1,2,00,3,030,2,11,2,0

,0,3,00,3,0
,3,0,0

2,1,061,2,092,0,121,1,161,0,22,0,1
,2,1,01,2,031,1,11,1,1

,1,2,00,2,1
,3,0,02,1,032,0,11,0,2

,2,1,00,1,2
,3,0,00,0,3

1

11111

111113

1

111113

1113

13

1

111113

1113

13

1113

13

13

C
CCCCC

CCCCCC
C

CCCCCC
CCCC

CC
C

CCCCCC
CCCC

CC
CCCC

CC
CC

 

 (19) 

At this stage, all of B-coefficients of the polynomial in (4) are known 

since the four remaining coefficients can be expressed according to ( )αb~  as 

follows: 

( ) ( ( ) ( ) ( ))

( ) ( ( ) ( ) ( )

( ) ( ) ( ))

( ) ( ( ) ( ) ( ))

( ) ( ( ) ( ) ( ))⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪

⎨

⎧

++=

++=

+++

++=

++=

.2,0,0~1,1,0~1,0,1~
3
10,2,1

,1,0,1~0,1,1~0,0,2~
3
11,2,0

,1,1,0~21,0,1~20,1,1~2

2,0,0~0,2,0~0,0,2~
9
10,3,0

,1,1,0~0,2,0~0,1,1~
3
10,2,1

2

1

1

1

bbbC

bbbC

bbb

bbbC

bbbC

 (20) 

It remains to prove that the spline constructed in this way on K  is of 

class .1C  

3.3. Determination of the class 

The aim of this section is to prove that our spline is of class .1C  To 
achieve this goal, we consider the triangle 321 ,, AAA=K  with vertices 
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21, AA  and ;3A  0A  the centroid of K  and the three polynomials 21, PP  

and 3P  with 3+= ii AA  and 3+= ii PP  for .0>i  We have to prove that: 

,1+
αα ∂=∂ ii PP  along [ ]20; +iAA  for 3,2,1=i  (21) 

for all ,3N∈α  such as .1≤α  

We will use the following proposal proved in [10]. 

Proposition 3.1. Let ( ) ∑
=β

β
β γ
β

=γ
d

db !
!P  and ( ) ∑

=β

β
β γ
β

=γ
d

db ˆ
!
!ˆˆP̂  be 

two polynomials of degree d defined respectively on triangles CBA ,,=K  

and ABC ,,ˆˆ =K  which share the common edge [ ].; BAAB =σ  Then the 
rC  continuity of P  and P̂  across ABσ  is satisfied iff, for 

( ) ( )( ( ))⎩
⎨
⎧

γ=
−≤ρ≤≤≤

ρρ−−ρ−−ρ ,ˆˆ
,0,0

0,,,, Cbb
kdandrk

k
kdkdk

 (22) 

where ( )μβ
kb  are defined by 

( )

( ) ( ) ( ) ( )⎪⎩

⎪
⎨
⎧

−=β≥μμ+μμ+μμ=μ

=μ
−
ε+β

−
ε+β

−
ε+ββ

ββ

kdkforbbbb

bb
kkkk ,1

,
1

3
1

2
1

1

0

321

 

with ( )Ĉγ=μ  denotes the barycentrics coordinates of Ĉ  over K  and iε  

the ith vector of the canonical basis of .3R  

Proposition 3.2. If the spline function S is defined by iPS i =| K  and its 

coefficients are computed with equations (16), (18) and (19), then .1
KP∈S  

Proof. We have to prove that the spline S is of class 1C  across each 
interior edge of .K  

Using Proposition 3.1 with ( )1,3,1 −−=μ  for 1=r  and 3=d : 
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Across the edge [ ],; 30 AA  we get: ( ) =ρ−−ρ kkC 3,,2  

( ) ( ).1,3,10,,31 −−ρρ−− kCk  

If ,0=k  then 

( ) ( ) 30,0,,33,,0 12 ≤ρ≤ρρ−=ρ−ρ CC  

and hence 

( ) ( )
( ) ( )
( ) ( )
( ) ( )⎪

⎪
⎩

⎪⎪
⎨

⎧

=
=
=
=

.0,3,00,3,0
,0,2,11,2,0
,0,1,22,1,0
,0,0,33,0,0

12

12

12

12

CC
CC
CC
CC

 (23) 

If ,1=k  then 

( ) ( ) ( )0,1,230,,32,,1 112 +ρρ−+ρρ−−=ρ−ρ CCC  

 ( ) 20,1,,21 ≤ρ≤ρρ−− C  

and hence 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )⎪⎩

⎪
⎨
⎧

−+−=
−+−=
−+−=

.1,2,00,3,030,2,10,2,1
,1,1,10,2,130,1,21,1,1

,1,0,20,1,230,0,32,0,1

1112

1112

1112

CCCC
CCCC
CCCC

 (24) 

Across the edge [ ],; 20 AA  we get: ( ) =ρρ−− kkC ,,33  

( ) ( ).1,3,13,,01 −−ρ−−ρ kCk  

If ,0=k  then 

( ) ( ) 30,3,,00,,3 13 ≤ρ≤ρ−ρ=ρρ− CC  

and hence 

( ) ( )
( ) ( )
( ) ( )
( ) ( )⎪

⎪
⎩

⎪⎪
⎨

⎧

=
=
=
=

.030030
,021120
,012210
,003300

13

13

13

13

CC
CC
CC
CC

 (25) 
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If ,1=k  then 

( ) ( ) ( )ρ−+ρ+ρ−ρ−=ρρ− 2,1,032,,11,,2 113 CCC  

 ( ) 20,3,,01 ≤ρ≤ρ−ρ− C  

hence 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )⎪⎩

⎪
⎨
⎧

−+−=
−+−=
−+−=

.0210303120021
,0120213111111
,0030123102201

1113

1113

1113

CCCC
CCCC
CCCC

 (26) 

Across the edge [ ],; 10 AA  we get ( ) =ρ−−ρ kkC 3,,3  

( ) ( ).1,3,10,,32 −−ρρ−− kCk  

If ,0=k  then 

( ) ( ) 30,0,,33,,0 23 ≤ρ≤ρρ−=ρ−ρ CC  

hence 

( ) ( )
( ) ( )
( ) ( )
( ) ( )⎪

⎪
⎩

⎪⎪
⎨

⎧

=
=
=
=

.0,3,00,3,0
,0,2,11,2,0
,0,1,22,1,0
,0,0,33,0,0

23

23

23

23

CC
CC
CC
CC

 (27) 

If ,1=k  then 

( ) ( ) ( )0,1,230,,32,,1 223 +ρρ−+ρρ−−=ρ−ρ CCC  

( ) 20,1,,22 ≤ρ≤ρρ−− C  

hence 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )⎪⎩

⎪
⎨
⎧

−+−=
−+−=
−+−=

.1,2,00,3,030,2,10,2,1
,1,1,10,2,130,1,21,1,1

,1,0,20,1,230,0,32,0,1

2223

2223

2223

CCCC
CCCC
CCCC

 (28) 

Relations (23), (24), (25), (26), (27) and (28) are checked easily starting from 
relations (16), (18) and (19).  
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4. Conclusion 

This paper gives a new approach for constructing a piecewise polynomial 

finite element of class 1C  of Clough-Tocher type. It can be considered as 

another proof that the HCT element is of class 1C  and gives a method to 
construct the spline derived from this element. The process can be extended 

to finite element of class .1, ≥rCr  This work is still in progress. 
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