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Abstract

In this paper, we show that the solutions to the nonlinear perturbed

differential system
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have the bounded property by imposing conditions on the
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0

fundamental matrix of the unperturbed system y' = f(¢, y) using the

notion of /-stability.
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1. Introduction

Pachpatte [15, 16] investigated the stability, boundedness, and the
asymptotic behavior of the solutions of perturbed nonlinear systems under
some suitable conditions on the perturbation term g and on the operator 7.
The purpose of this paper is to investigate bounds for solutions of the
nonlinear differential systems further allowing more general perturbations
that were previously allowed using the notion of /-stability.

The notion of A-stability (hS) was introduced by Pinto [17, 18] with the
intention of obtaining results about stability for a weakly stable system (at
least, weaker than those given exponential asymptotic stability) under some
perturbations. That is, Pinto extended the study of exponential asymptotic
stability to a variety of reasonable systems called /-systems. Choi and Ryu
[5] and Choi et al. [6] investigated bounds of solutions for nonlinear
perturbed systems. Also, Goo [8-11] and Choi and Goo [3, 4] studied the
boundedness of solutions for the perturbed differential systems.

2. Preliminaries

In this paper, we study bounds of solutions for a class of the nonlinear
perturbed differential systems of the form

y' =1 y)+ I; g(s, ¥(s), Ty(s))ds + h(t, y(t), Ty(1)), ¥(ty) = yo, (2.1)

where f e C(R* xR", R"), g, he C(R* xR" xR", R"), f(t,0) =0,
g(t,0,0) = h(¢, 0, 0) = 0, R” is the Euclidean n-space and Tj, T, : C(R",

R") - C(R*, R") are a continuous operator. We consider nonlinear

unperturbed differential systems of (2.1)
xX'(t) = f(t, x(2)), x(tg) = xo, (2.2)

where f e C(R* xR", R"), R" =0, ). We assume that the Jacobian

matrix f, = 0f /ox exists and is continuous on R* x R” and f(¢, 0) = 0.
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1/2
For x e R", let |x|= (Z;’._lx?) . For an nxn matrix 4, define the

norm | 4| of A by | A| = sup) || Ax|.
Let x(¢, fy, xp) denote the unique solution of (2.2) with x(¢y, ¢, xo)

= X, existing on [fy, ). Then we can consider the associated variational

systems around the zero solution of (2.2) and around x(z), respectively,

V(E) = £t 0)v(2),  v(tg) = vo (23)
and
2(t) = fi(t, x(t, 19, x0))=(1),  2(t) = 2. 24

The fundamental matrix ®(z, fy, xy) of (2.4) is given by

0
CD(I, 1y, XO) = %x(t, 1y, XO),

and @(¢, £, 0) is the fundamental matrix of (2.3).

We introduce some notions [18] and results to be used in this paper.

Definition 2.1. The system (2.2) (the zero solution x = 0 of (2.2)) is
called an A-system if there exist a constant ¢ > 1, and a positive continuous

function # on R™ such that
—1
| X(0)[ < el xo | A1) A1)
for ¢t > t) > 0 and | x | small enough (here h() " = %)

Definition 2.2. The system (2.2) (the zero solution x = 0 of (2.2)) is
called (hS) h-stable if there exists & > 0 such that (2.2) is an A-system for
| xo | < & and 4 is bounded.

Let M denote the set of all nxn continuous matrices A(¢) defined

on R* and N be the subset of M consisting of those nonsingular matrices
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S(¢) that are of class C' with the property that S(¢) and S”'(¢) are

bounded. The notion of ¢, -similarity in M was introduced by Conti [7].

Definition 2.3. A matrix A(¢) € M is 1, -similar to a matrix B(¢) € M

if there exists an 7 x n matrix F(¢) absolutely integrable over R”, i.e.,
0
Io | F(¢)|dt <

such that
S(t)+ S(¢)B(t) — A(t)S(t) = F(r) (2.5)
for some S(z) € V.

The notion of 7, -similarity is an equivalence relation in the set of all

nx n continuous matrices on R*, and it preserves some stability concepts
[7, 13].

We give some related properties that we need in the sequel.
Lemma 2.4 [18]. The linear system

x'=A(t)x, x(ty) = xo, (2.6)

where A(t) is an nxn continuous matrix, is an h-system (respectively,

h-stable) if and only if there exist ¢ 21 and a positive and continuous

(respectively, bounded) function h defined on R™ such that
|0t 1) | < ch(t)h(ty)™! 2.7)
Jor t >ty > 0, where §(t, ty) is a fundamental matrix of (2.6).

We need Alekseev formula to compare between the solutions of (2.2)

and the solutions of perturbed nonlinear system

y' = f(t, y)+ gt v),  y(t) = vos (2.8)
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where g € C(R™ xR", R") and g(z, 0) = 0. Let y(¢t) = y(t, ty, yy) denote
the solution of (2.8) passing through the point (¢, y,) in R x R".

The following is a generalization to nonlinear system of the variation of
constants formula due to Alekseev [1].

Lemma 2.5 [2]. Let x and y be solutions of (2.2) and (2.8), respectively.
If yo € R", thenforall t >ty such that x(t,1ty, yy) e R", y(t, 1y, yg) e R",

t
¥t 1y, 30) = (0, 19, 30) + [ @ 5. y(s)gls, y(s)ds.
0
Theorem 2.6 [5]. If the zero solution of (2.2) is hS, then the zero solution
of (2.3) is hS.
Theorem 2.7 [6]. Suppose that f,(t, 0) is t,-similar to f,(t, x(¢,

ty, X0)) for t=1ty =0 and |xy| <8 for some constant &> 0. If the
solution v = 0 of (2.3) is hS, then the solution z = 0 of (2.4) is hS.

Lemma 2.8 (Bihari-type inequality). Let u, A € C(R"), w e C((0, «))

and w(u) be nondecreasing in u. Suppose that, for some ¢ > 0,

mogc+j;ugwmgm& (>4 >0.

Then
u(t) < W Lﬂd+j Ms)ds |, 19 <t<b,
i
where W(u) = '[Zo %, W) is the inverse of W(u) and

b = sup{t > 1 W(c)+ J.: Ms)ds € dom W_l}.
0

Lemma 2.9 [3]. Let u, Aj, Ay, A3, Ag, As, hg € C(RT), w € ((0, ))

and W(u) be nondecreasing in u, u < w(u). Suppose that for some ¢ > 0,
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u) < e | t; My (s)us ) ds + j; (s wla(s)ds + | :O x3(s)j; Ay (2)u(7) deds

t N
+I XS(S)J‘ ro(t)W(u())deds, 0<1ty <t
lo lo
Then
t s s
u(t) < W{W(c) ‘ I (kl(s) Fn(s) + x3(s)f hog ()t + s (s) j k6(r)drjds}
f to fo
where toy <t < b, W, WL are the same functions as in Lemma 2.8, and

b = sup{t > 1y W(C) + L’O (M(S) +2(5) + 25(5)] :0 ha(7)

t xS(s)j:) x6(r)drjds e domW_l}.

3. Main Results

In this section, we investigate boundedness for solutions of the nonlinear

perturbed differential systems via ¢, -similarity.

We need the lemma to prove the following theorem.

Lemma 3.1. Let u, Aj, by, A3, Ag, A3, g, A7, Ag, Ao, Ao € C(RY),
w e C((0, ), and W(u) be nondecreasing in u, u < w(u). Suppose that

for some ¢ > 0 and 0 <, <t,

t t
u(t) < ¢+ j o ) s + jto hon(s)
| [xgmu(r) # 1y (e ufu(e) + 5O “r(r)ulr)r

+ g (1:)‘[; Ag(r)wl(u(r)) dr] drds
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+ I; Lo (s)j:) Mo (t)w(u(r))drds. (3.1

Then

u(f) < W_I{W(c) + j :0 (Xl(s) T n(s) j :) (M(T) L) + Xs(r)j; hog () dr

T S
+ (1) J' kg(r)drjdr + xg(s)J' llo(r)drjds}, (3.2)
to to
where ty <t < b, W, w7l are the same functions as in Lemma 2.8, and

by = sup{t >t :W(c)+ L; (kl(s) + kz(s)jtz (k3(r) +hq(t)+ XS(r)It: Le(r)dr

+ k7(r)jt; Ag (r)dr) dt + hg (s)LZ klo(r)dt) ds € dom W_l}.

Proof. Define a function v(¢) by the right member of (3.1) and let us

differentiate v(z). Then we have
V0 = O(u(0)+ 22O (3306) + alals) + 256)] Rl
i Lo

A (s) j ; Xg(r)w(u(r))d‘cJ ds + ho(t) j ; horo () w(u(s)) ds.

This reduces to

V(1) < [xl(t) +20)f t; (M(s) +4(s) 4 25(5)| ; Ao(t)dx

+aq(0)] t‘; Xg(r)dtjds +a9(0)f ; klo(s)ds}w(v(t)),

t > ty, since v(t) is nondecreasing, u < w(u), and u(z) <v(z). Now, by

integrating the above inequality on [, ¢] and using v(fy) = ¢, we obtain
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y<e+ | ; (kl(s) a0 (7»3(1) #14(0) 25 )

(1) j t: Xg(r)drj dr + ho(s) j ; Xlo(t)drj wi(s)ds.  (3.3)

It follows from Lemma 2.8 that (3.3) yields the estimate (3.2). O
To obtain the bounded property, the following assumptions are needed:

(H1) f(¢,0) is t,-similar to f,(¢, x(¢, tg, x9)) for t>¢,>0 and

| xo | < & for some constant & > 0.

(H2) The solution x = 0 of (2.2) is A4S with the increasing function 4.

(H3) w(u) is nondecreasing in u such that u < w(u) and %W(u) <

m{%) for some v > 0.

Theorem 3.2. Let a, b, c,d, k, p, g € C(R"). Suppose that (H1), (H2),
(H3), and g in (2.1) satisfies

|8t y. Tiy)| < a()] y(@) [+ bYW y(0) ) +| Tiv(0) ], (3.4)
10| <50f K )lds +eOf oI y6)Dds,  39)
lo lo

and

| At ¥(0), Toy(0) | < d(@) (| W) )+ | (1) ),

7)< [ Ot a(s)w( ¥(s) ds, (3.6)

where a, b, c,d, k, p,q, we LI(RJ’), we C((0, ©)), T, T, are continuous
operators. Then any solution y(t) = y(t, ty, yo) of (2.1) is bounded on

[tg, ) and it satisfies
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| 9(1)| < h(t)W_l[W(c) e j ’ (d(s) + j t‘ (a(r) + b(t) + b(x) j ; k(r)dr

\)
fo 0
T S
+ c(r)J. p(r)drj dt + d(s).[ q(r)drjds}
| )
where W, W are the same functions as in Lemma 2.8, and

t s T
b = sup{t >ty W(c)+ 02.[ (d(s) - I (a(r) +b(1) + b(r)j k(r)dr
lo fo lo
T A
+ c(r)J. p(r)drjdr + d(s)J. q(r)drjds € domW_l}.
lo lo
Proof. Let x(¢) = x(¢, tg, yp) and y(¢) = y(¢, ty, yy) be solutions of
(2.2) and (2.1), respectively. In view of assumption (H2), Theorem 2.6
implies that the solution v = 0 of (2.3) is AS. Therefore, from (H1), by
Theorem 2.7, the solution z =0 of (2.4) is AS. Applying the nonlinear

variation of constants formula due to Lemma 2.5, together with (3.4), (3.5)
and (3.6), we have

| y(@)| <] x(t)]
+ I; | ©(t, s, y(s))| U:) | g(t, »(1), Tiy(s)) |de + | h(s, y(s), Try(s)) Ij ds

< alo 100 + [ cans)”( [ (a9 30 + B )

lo
+ b(r)LZ k(r)| y(r)|dr + C(’E)J:} p(r)w(| »(r) |)drj dr
ds){ 60D+ [ ool 66) D .
The assumptions (H2) and (H3) yield

| ¥(O)] < el yo |A()h(zg) ™" + J; Czh(t)(d(s)wo ;1}8 |)
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J. (a(r)lh()|+b( )W(|hg j+b(r)J k(r )|y(§|d

+ c(r)j; p(r) W(' Zg; |)er drt + d(s)J.; q(1) W(' Zgg |jdrj ds.

Let u(t) =| y(2)|| A(z) |_1. Then, in view of Lemma 3.1, we have

| y(t)|<h(t)W_1[W(c)+c2J (d(s)+ [ (a(t)+b(r)+b(r).[ k(r)dr

+ o(x) J' t; p(r)drj dv + d(s) j :) q(r)dr) ds}

where ¢ = ¢| yg |A(ty)"'. The above estimation yields the desired result,

since the function 4 is bounded, and so the proof is complete. OJ

Remark 3.3. Letting ¢(f) = d(¢) = 0 in Theorem 3.2, we obtain the

same result as that of Theorem 3.1 in [9].

Theorem 3.4. Let a, b, ¢, d, k, g € C(RT). Suppose that (H1), (H2),
(H3), and g in (2.1) satisfies

J 186 3(6). Ry lds < )] ¥0) |+ 5] YO + vl

()] < O 4G0)](0) s (3.7
and
(e, (0, Toy(O) [ = ) als) ] 3(5) s +|Toy(0) .

| Toy(t)| < d()wl] y(1)]), (3.8)

where a, b, c, d, k, q, w e LI(RJ’), we C((0, ©)), Ty, T, are continuous
operators. Then any solution y(t) = y(t, ty, yo) of (2.1) is bounded on
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[tg, ) and it satisfies

| ¥(@6)] < hyw™!
{W(c) + 02_[ (a(s) +b(s)+d(s) + b(s)j k(t)dr + c(s)j q(r)drj ds}
where ty <t < b, W, WL are the same functions as in Lemma 2.8, and

b = sup{t >ty W(c)+ CZJ. (a(s) +b(s)+d(s)+ b(s)J k(t)dt

+ o(s) j :) q(t)dr)ds e dom W_l}.

Proof. Let x(¢) = x(z, ty, y9) and y(¢) = y(¢, to, yg) be solutions of
(2.2) and (2.1), respectively. By the same argument as in the proof in
Theorem 3.2, the solution z = 0 of (2.4) is AS. Using the nonlinear variation
of constants formula due to Lemma 2.5, together with (3.7) and (3.8), we

have

| 9(t)| < e yo | A(e)h(zg) ™!

+j‘qmwmw*[dnywn|+@@)+d@»wqﬂnn+b@ﬂskﬁ)
fo fo

| 3(0)de + e(s)] :) a0l (x) |)de ds.

It follows from (H2) and (H3) that

1501 = al o [10Ao) + [ ot ats) 5+ 06+ o 51

n b(s)j k(7) | J’( )l dt + C(S)j:) q(r)WU Zgg |)drjds.



1738 Yoon Hoe Goo

Set u(t) = | y(¢) || h(¢) |_1. Then, by Lemma 2.9, we have

| v(1)| < h(t)W_l[W(c) e j t [a(s) 4 b(s) + d(s) + b(s) j ; k(t)dx

|
T e(s) j :) q(r)dt} ds},

where ¢ = ¢|| ¥ |h(t)h(zo)_1. Thus, any solution y(¢) = y(¢, tg, yg) of (2.1)

is bounded on [#;, %), and so the proof is complete. 0

Remark 3.5. Letting ¢(f) = d(¢) = 0 in Theorem 3.4, we obtain the

same result as that of Theorem 3.3 in [9].

Lemma 3.6. Let u, 7\‘1, 7\.2, 7\.3, 7\,4, 7\.5, 7\.6, 7\,7, 7\.8, 7\.9 S C(R+), w e
C((0, ), and wW(u) be nondecreasing in u, u < w(u). Suppose that for

some ¢ >0 and 0 <ty <,

u(t) < e | ; M(s)u(s)ds + [ ; a(s)| ; (k3(r)u(r) #14(0) t: A (r)u(r ) dr

e f ; x7(r)w(u(r))drjdrds + L’O Ag(s) j :0 oo (2) w(u(x)) dids.

Then

u(t) < W_I[W(c) + J.; (kl(s) - kz(s)-[:) (7\.3(‘(?) + l4(r)J‘t:) As(r)dr

e j ; X7(r)drjdr T () j ; kg(r)dtjds}

where ty <t < b, W, W are the same functions as in Lemma 2.8, and
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b = sup{t > 1 W(e)+ [ :0 (kl(s) +2(5)] ; [x3(r) #2400 ; hs (r)dr

+ 7»6(1)‘[; 7\,7(r)dr)dr + kg(s).[:) k9(r)dr)ds 5 domW_l}.

Proof. By the same method as in the proof in Lemma 3.1, we can obtain

the desired result. OJ

Theorem 3.7. Let a,b,c,d, k, p, g € C(R"). Suppose that (H1),
(H2), (H3), and g in (2.1) satisfies

| g(t, v, Tiy)| < a()| y(t) | +| Tiy(1)],

(0] b0 K551 s + ) plo)] (6) e (.9

and

| At, y(0), oy()] < d(@) (| ¥ |+ T2y (0)]),
1T0)| = [ glo)] ¥(5) e (3.10)

where a,b,c,d, k,q,q,we LI(R+), we C((0, ), T}, T, are continuous
operators. Then any solution y(t) = y(t, ty, yo) of (2.1) is bounded on

[tg, ) and it satisfies
EGIE h(t)W_l[W(c) | ; (d(s) + LO (a(r) +b(0)| ; k(r)dr

e j t:) p(r)drjdr +d(s) j ; q(r)dﬂ:jds}

where W, Wl are the same functions as in Lemma 2.8, and
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b = sup{t > 10 s W(C) + ¢ j (d(s)+j (a(r)+ b(r).[ k(r)dr

e j ; p(r)drjdt +d(s) j :) q(t)drj ds e domW_l}.

Proof. Let x(¢) = x(z, ty, y9) and y(¢) = (¢, ty, yg) be solutions of
(2.2) and (2.1), respectively. By the same argument as in the proof in
Theorem 3.2, the solution z =0 of (2.4) is AS. Applying the nonlinear
variation of constants formula due to Lemma 2.5, together with (3.9) and
(3.10), we have

| (0] < a1 yo [ Azo)™

+J1 sy (a1 + 60”4150 D

+ c(r)LZ p(r)| ¥(r) |drj dr + d(s) (| y(s)|+ J.:) g(t)w(| ¥(1) |)er ds.

By the assumptions (H2) and (H3), we obtain

| y@®)| < el vo |h(t)h(t0) + J.l th(Z)(d( )l ig;'

o’ (a(r)lh() +b(r)I k() (hg g')dr

+ C(’E)J‘I:) p(r)| ZE ;' drjdr + d(s)j:) q(1) W(' ZEE; |jdrj ds.

Set u(r) = | y(¢)|| A()|"". Then, by Lemma 3.6, we have

EOIE h(t)W_l{W(c)+c2 J' (d(s)+I (a(r)m(r)j k(r)dr

; c(r)LZ p(r)drjdr T+ d(s) j ; q(r)dr)ds}
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where ¢ = ¢| yo |h(tg)”". The above estimation yields the desired result

since the function /4 is bounded, and so the proof is complete. O

Remark 3.8. Letting b(¢) = d(¢) =0 in Theorem 3.7, we obtain the

similar result as that of Theorem 3.3 in [12].

Theorem 3.9. Let a,b,c,d, k, p,qe C(RY). Suppose that (H1), (H2),
(H3), and g in (2.1) satisfies

J 186 3(6). Ry lds < )] ¥0) |+ 50| YO + [ vl

| Tiv(0)] < c(f)jt; Ks)wl] ¥(s) ) ds (3.11)
and
(e, (0 Toy(0) | < ) 4(5)] ¥(5) s +[ Ty ()]

| Toy(t) | < p(e)w(] ¥(2)]), (3.12)

where a, b, ¢, d, k, p, q, w e LI(R+), we C((, ©)), Ty, T, are continuous
operators. Then any solution y(t) = y(t, ty, yo) of (2.1) is bounded on

[t9, ) and it satisfies

| y(@0)| < )™
t N N
. [W(c) + Czj. (a(s) +b(s)+ p(s) + c(s)J. k(t)dt + d(s)J. q(r)dt) ds},
) fo )
where ty <t < b, W, W are the same functions as in Lemma 2.8, and

b = sup{t > g W(c)+ ey L; (a(s) +b(s) + p(s) + c(s)LZ k(t)dr

; d(s)LZ q(r)drj ds < domW_l}.
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Proof. Let x(¢) = x(z, ty, y9) and y(¢) = y(¢, to, yg) be solutions of
(2.2) and (2.1), respectively. By the same argument as in the proof in
Theorem 3.2, the solution z = 0 of (2.4) is AS. Using the nonlinear variation
of constants formula due to Lemma 2.5, together with (3.11) and (3.12), we

have

| ()| < el yo [ he)h(rp) ™

+f czha)h(s)—l(a(sn H) |+ (6(s)+ pls)wl 1)+ k@ w 7))
to {o

+ d(S)ItZ q(t)| »(7) |drj ds.

It follows from (H2) and (H3) that

| 7(t)| < 1] yo |W(e)h(tg) ™" + j c2h(z)(a(s)| ()l (b(s)+p(s))w(—|Zg)|j

+ C(S)I k('c)w(l ZE ;'jdr + d(s)J (T)' ZE ;' d‘chs

Set u(r) = | y(¢)|| A()|"". Then, by Lemma 2.9, we have

| y(@0)] < h(eyw ™!
[W(c) T e j (a(s) +b(s) + p(s) + c(s) f k(t)dr + d(s)j (r)drjds}

where ¢ = ¢|| yo |h(¢)h(1y)™". Thus, any solution y(t) = y(t, Zy, vo) of (2.1)

is bounded on [z, ), and so the proof is complete. 0

Remark 3.10. Letting d(¢) = p(#) = 0 in Theorem 3.9, we obtain the

same result as that of Theorem 3.7 in [9].
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