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Abstract

The main aim of this paper is to establish generalized integral formulas
involving the generalized k-Bessel function le\); b.c(2) to obtain the
results in terms of Fox-Wright function. Certain special cases of the

main results presented here with some known identities are also
pointed out.
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1. Introduction

The k-Pochhammer symbol and k-gamma function was introduced by
Diaz and Pariguan [11] asfollows:

T (v + nk) CRe e
(M k = { L(y) (ke Ry e CHO, (1.2)
y(y +k)---(y+(n-1k), (neN;yeC).

They gave the relation with the classical Euler's gamma function (see [10,
18]) as:

T(y) = k%_lr(%). (1.2)

Clearly, for k =1, (1.1) reduces to the classical Pochammer symbol and
Euler’ s gamma function, respectively (see [16]).

Recently, Romero et a. [10] (see, also [18]) introduced the k-Bessel
function of the first kind for a, A, y,ve C and R(L) >0, R(v) >0 as

follows:
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The Fox-Wright function ,'¥,(z) with p numerator and q denominator

parameters, such that a, ..., ap € C and by, ..., bq e C\Zg is defined by
(see, for detail, [12, 13, 14]):
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In particular, when g = bj =1(i=1 .., p; j =1 .., q), immediate reduces
to generalized hypergeometric function ,F,(p, q € Np) (see, for details
[15]):

(ag, 1), sy (0t p, 2);
p¥q(2) = p
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In terms of the k-Pochhammer symbol (), \ defined by (1.1), we

(1.6)

introduce more generalized form of k-Bessel function wk v.b, (2) asfollows:

For o, A, v, V, ¢, b e C and (1) > 0, R(v) > 0, we have
7 V+2n
2 (=" (1) (E)

Wk b.c(2) =
e nz;)l"k(v+kn+b;1) (n!)z

(1.7)

In this paper, we derive a class of integral involving the generalized form

of k-Bessel function w, V b (2). Moreover, we give certain special cases as

the corollaries. For the present investigation, we need the following result of
Lavoie and Trottier [17]:

| ;x“‘l(l— x)ZB‘l(l— gjza 1(1— LJB o= (%)20‘ —Fr((i)I(g)) .

(R(a) > 0, BR(B) > 0). (1.8)

For various other investigations involving certain special functions, which
were motivated essentially by the work of Rakha et a. [8], the interested
reader may be referred to several recent papers on the subject (see, for
example, [3, 4, 5, 6, 7] and the references cited in each of these papers).
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2. Main Results

Two generalized integral formulas involving generalized form of
k-Bessel function (1.7), are established here, which expressed in terms of

Fox-Wright function (1.6) by inserting with the suitable argument in the
integrand of (1.8).

Theorem 2.1. Let p, j, v, ¢, b e C with R(v) > -1 and R(p + j) > 0,
R(p+v)>0and x>0

lep+j‘1(1— x)ZP‘l(l_ Z)2(p+j)—1(1_ Z)p—l
0 3 4
x w&:éyblc(y(l— 2) 1- x)z)dx

- 3o j)@z("*i)

,Y X+E'_1 2T3
I lkk 2k
F(k)k
(l 1) (0 +V, 2) »
k') T y“c
x v b+l A N G
R LR

Proof. Let S be the left-hand side of (2.1). Now applying the formula
(1.7) to the integrand of (2.1) and by interchanging the order of integration
and summation, which is verified by uniform convergence of the given series
under the given condition in Theorem 2.1, we have

& () (/2

S =
n=0 (n!)zl“k(kn fve D er 1)

1 . 2(p+j)-1 p+v+2n-1
p+i-11 _ \2pt+v+2n)-1f, X X
X .[o X @-x) (1 3) (1 4) dx.
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By considering the condition givenin 2.1, since
R(V)>-LR(p+v+2n)>R(pe+Vv)>0R(p+j)>0, (ke Ng:=NU{0})

and applying (1.8),

o o D W (y/2" (gjz("”) [(p + |)T(p+v + 2n)

n=0 (n!)zl“k(kn svi 2 ; 1) 3 I(2p+ ] +V+2n)

Using the relation (1.1) and (1.2), we get
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X

k 2k k
which upon using the definition (1.6), we get the desired resullt. O

Theorem 2.2. For p, j,ve C with R(v)>-1 and R(p+ j) >0,
R(p+v)>0and x>0
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Y .
X @1 (v+b+1 xj (2piv+ | 2)_— | (2.2)
kT k)P

Proof. Let £ be the left-hand side of (2.1). Now applying the formula

(1.7) to the integrand of (2.2) and by interchanging the order of integral and
summation, which is verified by uniform convergence of the given series
under the given condition in Theorem 2.1, we have

2 (= 1)),k (yx/2)"* 2"

n=0 (n!)zl“k(xn +V+ T)

L=

1 . 2(2n+p+v)-1 p+j-1
p+v+2n-1.1  N2(p+j)-1f 4 X X
x jox (1- ) (1 3j (1 4) dx.
By considering the condition given in Theorem 2.2, since
R(V)>-LR(p+v+2n)>RpE+v)>0 Rp+j)>0 (ke Ng:=NU{0}

and applying (1.8),

£ 3 YOI 22 M+ rip 2y
n=0 (n!)zrk(xn+v+ b”j 3 T(2p+j+v+2n)

2

Now using therelation (1.1) and (1.2), we obtain the following expression:

£ =3 C il + k) (/2" (3)2“”“2“) F(p + ))T(p+ v+ 2n)
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which upon using the definition (1.6), we get the desired result. O
3. Special Cases

In this section, we present certain special cases of generalized form of
k-Bessel function (1.7). Further we obtain three corollaries as special cases of
obtained theorem in Section 2.

Casel. If weset b =c=1in(1.7), yields another definition of k-Bessel
function

, 2 )" Wk (z2V 2
Jz,i‘(z) N nz:‘dol“k(v +An+1) /(n!)2 ' (32)

Case 2. If weset b=-c=1 and b=1 in (1.7), yields k-modified
Bessel function

o0

, (Y)n, K (2/2)v+2n
IIZ'C‘(Z) - nZ:(:)Fk(v +An+1) (n!)2 '

(3.2)

Case 3. If we set b—1=c=1 in (17), yields new definition of
k-spherical Bessel function

Kb =3 - (Y)”'kg & 2),2 - (33)
n=0 Fk(v + AN+ Ej (n')

Corollary 3.1. Let the conditions of Theorem 2.1 be satisfied. Then the
following integral formula holds true:

lep”‘l(l— x)2p‘1(1— 5)z(pﬂ)—l(l_ ij—l
0 3 4
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x lel’\},“(y(l— Ej (1- x)zjdx

(%) e + j)(%)z(p”)

= v 1 1 2‘}’3
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Corollary 3.2. Let the conditions of Theorem 2.1 be satisfied. Then the
following integral formula holds true:

lep+1—1(1_ x)2p‘1(1— 5)2(p+j)—1(1_ Ejp—l
0 3 4
x Ig'x(y(l— Z)(1— x)z)dx
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Corollary 3.3. Let the conditions of Theorem 2.1 be satisfied. Then the
following integral formula holds true:

jlxp+j‘1(1— X)Zp_l(l— 5jz(pﬂ')—l(l_ Zjp—l
0 3 4
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x KM( (1— —X)(l— X)Zjdx
k,V y 4
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Corollary 3.4. Let the conditions of Theorem 2.2 be satisfied. Then the
following integral formula holds true:

10 2p+j)-1 x\2P—1 x\(P+i)-1 A x\2
onp (1-x) (1—§j (1—Zj W w{l—g) dx
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23

2
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(3.7)

Corollary 3.5. Let the conditions of Theorem 2.2 be satisfied. Then the
following integral formula holds true:

1 . 2p-1 (p+i)-1 2
p—1m  N2p+j)-1fq4 X X Y, A _ X
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(% 1), (p+V, 2);
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Corollary 3.6. Let the conditions of Theorem 2.2 be satisfied. Then the
following integral formula holds true:

1 . 2p-1 (p+j)-1 2
p—1m  N2Ap+j)-1fq X X Y, A X
jox (1-x) (1 3) (1 4j Kk,v(yx(l 3) de
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(3.9)
1 ), (%*ﬁ'?j’ (20 +v+ 1,2 gykt

Remark. If weset k=1 and A =1=1v in (3.4) to (3.9), yields the

known results for case 1 (see [2]) and new results for familiar functions as
defined in [1, 9]. Most (if not al) of the results, which we have investigated
in this paper for the special cases, can indeed be considered analogously in a
rather simple and straightforward manner. The details involved may,
therefore, be left as an exercise for the interested reader.
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