
 

Far East Journal of Mathematical Sciences (FJMS) 
© 2016 Pushpa Publishing House, Allahabad, India 
Published Online: October 2016 
http://dx.doi.org/10.17654/MS100091533 
Volume 100, Number 9, 2016, Pages 1533-1544                      ISSN: 0972-0871  

Received: March 2, 2016;  Revised: April 13, 2016;  Accepted: June 11, 2016 
2010 Mathematics Subject Classification: Primary 33B20, 33C20; Secondary 33B15, 33C05.  
Keywords and phrases: gamma function, Lavoie-Trottier integral formula, generalized 
k-Wright function, generalized k-Bessel function. 

Communicated by K. K. Azad 

CERTAIN NEW UNIFIED INTEGRALS ASSOCIATED 
WITH THE GENERALIZED k-BESSEL FUNCTION 

K. S. Nisar1, R. K. Parmar2 and A. H. Abusufian3 
1,3Department of Mathematics 

College of Arts and Science 
Prince Sattam bin Abdulaziz University 
Wadi Aldawaser, Riyadh region 11991, Saudi Arabia 
e-mail: ksnisar1@gmail.com 
e-mail: n.sooppy@psau.edu.sa 
e-mail: sufianmath97@hotmail.com 

2Department of Mathematics 
Government College of Engineering and Technology 
Bikaner-334004, Rajasthan State, India 
e-mail: rakeshparmar27@gmail.com 

Abstract 

The main aim of this paper is to establish generalized integral formulas 

involving the generalized k-Bessel function ( )zw cbvk
λγ,

,,,  to obtain the 

results in terms of Fox-Wright function. Certain special cases of the 
main results presented here with some known identities are also 
pointed out. 
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1. Introduction 

The k-Pochhammer symbol and k-gamma function was introduced by 
Diaz and Pariguan [11] as follows: 
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They gave the relation with the classical Euler’s gamma function (see [10, 
18]) as: 
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Clearly, for ,1=k  (1.1) reduces to the classical Pochammer symbol and 
Euler’s gamma function, respectively (see [16]). 

Recently, Romero et al. [10] (see, also [18]) introduced the k-Bessel 
function of the first kind for C∈γλα v,,,  and ( ) ( ) 0,0 >>λ vRR  as 

follows: 
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The Fox-Wright function ( )zqpΨ  with p numerator and q denominator 

parameters, such that C∈paa ...,,1  and −∈ 01 \...,, ZCqbb  is defined by 

(see, for detail, [12, 13, 14]): 
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In particular, when ( ),...,,1;...,,11 qjpiba ji ====  immediate reduces 

to generalized hypergeometric function ( )0, N∈qpFqp  (see, for details 

[15]): 
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In terms of the k-Pochhammer symbol ( ) kn,γ  defined by (1.1), we 

introduce more generalized form of k-Bessel function ( )zw cbvk
λγ,

,,,  as follows: 

For C∈γλα bcv ,,,,,  and ( ) ( ) ,0,0 >>λ vRR  we have 

( )
( ) ( )

( )∑
∞

=

+

λγ
⎟
⎠
⎞⎜

⎝
⎛

⎟
⎠
⎞⎜

⎝
⎛ ++λ+Γ

γ−
=

0
2

2

,,
,,, .

!
2

2
1

1

n

nv

k

kn
nn

cbvk n

z

bnv

c
zw  (1.7) 

In this paper, we derive a class of integral involving the generalized form 

of k-Bessel function ( ).,
,,, zw cbk

λγ
ν  Moreover, we give certain special cases as 

the corollaries. For the present investigation, we need the following result of 
Lavoie and Trottier [17]: 
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For various other investigations involving certain special functions, which 
were motivated essentially by the work of Rakha et al. [8], the interested 
reader may be referred to several recent papers on the subject (see, for 
example, [3, 4, 5, 6, 7] and the references cited in each of these papers). 
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2. Main Results 

Two generalized integral formulas involving generalized form of 
k-Bessel function (1.7), are established here, which expressed in terms of 
Fox-Wright function (1.6) by inserting with the suitable argument in the 
integrand of (1.8). 

Theorem 2.1. Let C∈ρ bcvj ,,,,  with ( ) 1−>νR  and ( ) ,0>+ρ jR  

( ) 0>+ρ vR  and 0>x  
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Proof. Let S  be the left-hand side of (2.1). Now applying the formula 
(1.7) to the integrand of (2.1) and by interchanging the order of integration 
and summation, which is verified by uniform convergence of the given series 
under the given condition in Theorem 2.1, we have 
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By considering the condition given in 2.1, since 

( ) ( ) ( ) ( ) { }( )0:,0,02,1 0 ∪NN =∈>+ρ>+ρ>++ρ−> kjvnvv RRRR  

and applying (1.8), 
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Using the relation (1.1) and (1.2), we get 
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which upon using the definition (1.6), we get the desired result. ~ 

Theorem 2.2. For C∈ρ vj,,  with ( ) 1−>vR  and ( ) ,0>+ρ jR  

( ) 0>+ρ vR  and 0>x  
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Proof. Let L  be the left-hand side of (2.1). Now applying the formula 
(1.7) to the integrand of (2.2) and by interchanging the order of integral and 
summation, which is verified by uniform convergence of the given series 
under the given condition in Theorem 2.1, we have 
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and applying (1.8), 
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Now using the relation (1.1) and (1.2), we obtain the following expression: 
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which upon using the definition (1.6), we get the desired result. ~ 

3. Special Cases 

In this section, we present certain special cases of generalized form of 
k-Bessel function (1.7). Further we obtain three corollaries as special cases of 
obtained theorem in Section 2. 

Case 1. If we set 1== cb  in (1.7), yields another definition of k-Bessel 
function 
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Case 2. If we set 1=−= cb  and 1=b  in (1.7), yields k-modified 
Bessel function 
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Case 3. If we set 11 ==− cb  in (1.7), yields new definition of 
k-spherical Bessel function 
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Corollary 3.1. Let the conditions of Theorem 2.1 be satisfied. Then the 
following integral formula holds true: 
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Corollary 3.2. Let the conditions of Theorem 2.1 be satisfied. Then the 
following integral formula holds true: 
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Corollary 3.3. Let the conditions of Theorem 2.1 be satisfied. Then the 
following integral formula holds true: 
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Corollary 3.4. Let the conditions of Theorem 2.2 be satisfied. Then the 
following integral formula holds true: 
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Corollary 3.5. Let the conditions of Theorem 2.2 be satisfied. Then the 
following integral formula holds true: 
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Corollary 3.6. Let the conditions of Theorem 2.2 be satisfied. Then the 
following integral formula holds true: 
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Remark. If we set 1=k  and γ==λ 1  in (3.4) to (3.9), yields the 

known results for case 1 (see [2]) and new results for familiar functions as 
defined in [1, 9]. Most (if not all) of the results, which we have investigated 
in this paper for the special cases, can indeed be considered analogously in a 
rather simple and straightforward manner. The details involved may, 
therefore, be left as an exercise for the interested reader. 

Acknowledgments 

This project was supported by the Deanship of Scientific Research at 
Prince Sattam Bin Abdulaziz University under the research project # 
2015/01/3883. The authors thank the anonymous referees for their valuable 
suggestions which led to the improvement of the manuscript. 



Certain New Unified Integrals … 1543 

References 

 [1] Á. Baricz, Geometric properties of generalized Bessel functions, Publ. Math. 
Debrecen 73(1-2) (2008), 155-178. 

 [2] P. Agarwal, S. Jain, S. Agarwal and M. Nagpal, On a new class of integrals 
involving Bessel functions of the first kind, Communications in Numerical 
Analysis 2014 (2014), 1-7. 

 [3] N. Menaria, S. D. Purohit and R. K. Parmar, On a new class of integrals involving 
generalized Mittag-Leffler function, Surveys in Mathematics and its Applications 
11 (2016), 1-9. 

 [4] J. Choi and P. Agarwal, Certain unified integrals associated with Bessel functions, 
Boundary Value Problems 2013 (2013), 95. 

 [5] J. Choi, P. Agarwal, S. Mathur and S.D. Purohit, Certain new integral formulas 
involving the generalized Bessel functions, Bull. Korean Math. Soc. 51 (2014), 
995-1003. 

 [6] K. S. Nisar and S. R. Mondal, Certain unified integral formulas involving the 
generalized modified k-Bessel function of first kind, arXiv: 1601.06487 
[math.CA]. 

 [7] K. S. Nisar, P. Agarwal and S. Jain, Some unified integrals associated with 
Bessel-Struve kernel function, arXiv:1602.01496v1 [math.CA]. 

 [8] M. A. Rakha, A. K. Rathie, M. P. Chaudhary and S. Ali, On a new class of 
integrals involving hypergeometric function, J. Inequal. Spec. Funct. 3(1) (2012), 
10-27. 

 [9] G. N. Watson, A treatise on the theory of Bessel functions, Cambridge 
Mathematical Library, Cambridge University Press, Cambridge, 1995. Reprinted, 
1996. 

 [10] L. G. Romero, G. A. Dorrego and R. A. Cerutti, The k-Bessel function of the first 
kind, Int. Math. Forum 7 (2012), 1859-1864. 

 [11] R. Díaz and E. Pariguan, On hypergeometric functions and Pochhammer 
k-symbol, Divulg. Mat. 15(2) (2007), 179-192. 

 [12] C. Fox, The asymptotic expansion of generalized hypergeometric functions, Proc. 
London. Math. Soc. 27(4) (1928), 389-400. 

 [13] E. M. Wright, The asymptotic expansion of integral functions defined by Taylor 
series, Philos. Trans. Roy. Soc. London, Ser. A. 238 (1940), 423-451. 



K. S. Nisar, R. K. Parmar and A. H. Abusufian 1544 

 [14] E. M. Wright, The asymptotic expansion of the generalized hypergeometric 
function, Proc. London Math. Soc. (2) 46 (1940), 389-408. 

 [15] A. A. Kilbas, M. Saigo and J. J. Trujillo, On the generalized Wright function, 
Fract. Calc. Appl. Anal. 5(4) (2002), 437-460. 

 [16] E. D. Rainville, Special Functions, The Macmillan Co., New York, 1960. 

 [17] J. L. Lavoie and G. Trottier, On the sum of certain Appell’s series, Ganita 20(1) 
(1969), 31-32.  

 [18] R. A. Cerutti, On the k-Bessel functions, Int. Math. Forum 7(38) (2012), 
1851-1857. 


