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Abstract 

For given two graphs 1G  and ,2G  and integer ,2≥s  the size Ramsey 

multipartite number ( ) tGGms =21,  is the smallest integer such that 

every factorization of graph 21: FFK ts ⊕=×  satisfies the following 

condition: either 1F  contains 1G  as a subgraph or 2F  contains 2G  as 

a subgraph. In this paper, we determine that ( )nn PKm 422 ,×  for ,2≥n  

and ( )nPKm ,233 ×  for .74 ≤≤ n  
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1. Introduction 

All graphs ( )EVG ,=  considered in this paper are finite graphs without 

loops and multiple edges. The order of the graph ( )EVG ,=  is denoted by 

( )GV  and the number of edges in the graph is denoted by ( ) .GE  The 

graphs tsK ,  and tsK ×  represent complete bipartite graph with partite sets of 

size s and t, and the complete multipartite graph consisting of s partite sets 
having exactly t vertices in each partite set, respectively. 

The notion of size multipartite Ramsey numbers was introduced by 
Burger and van Vuuren [1] and Syafrizal et al. [5] by considering the two 
factorization of a tsK ×  by fixing the size s of the uniform multipartite sets. 

More precisely, for given two graphs 1G  and ,2G  and integer ,2≥s  the size 

Ramsey multipartite number ( ) tGGms =21,  is the smallest integer such that 

every factorization of graph 21: FFK ts ⊕=×  satisfies the following condition: 

either 1F  contains 1G  as a subgraph or 2F  contains 2G  as a subgraph. Ramsey 

numbers of small paths versus certain classes of graphs have been studied by 
Sy et al. in [6, 7, 9, 10] and [11]. Motivated by these findings, we have 
attempted in this paper to find size multipartite Ramsey numbers for small 
balanced complete multipartite graphs. Sy and Baskoro [8] have obtained the 
size multipartite Ramsey numbers for balanced complete multipartite graphs 
as follows. 

Theorem 1. For integers 3, ≥nj  and ,2≥b  
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Surahmat and Sy [4] have determined the stars-paths size bipartite 
Ramsey numbers ( ) 1, ,142 += nKPm n  for .3≥n  Furthermore, Sy [12] 
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determined the exact values of the size multipartite Ramsey numbers for trees 
versus paths as follows. 

Theorem 2. For integers ,2, ≥sn  
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Recently, Lusiani et al. [2] have obtained the size multipartite Ramsey 
numbers for a combination of stars and cycles ( ),, nmj CSm  where jn ≤≤3  

and any .3≥m  

2. Main Results 

The first main result of this paper is the determination of the size 
bipartite Ramsey numbers for combination small balanced complete 
multipartite graph and paths on 2≥n  vertices. 

Theorem 3. For integer ( ) .12,,2 242 +=≥ × nKPmn nn  

Proof. We show first that ( ) .12, 242 +≥× nKPm nn  Consider any 

factorization ,: 2122 GGK n ⊕=×  where .: 1,11,11 −−= nn KKG ∪  Clearly that 

nKG ×21  and also .42 nPG  Therefore, ( ) 12, 242 +≥× nKPm nn  for all 

.2≥n  
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Now, we show that ( ) .12, 242 +≤× nKPm nn  Let 21 FF ⊕  be any 

factorization of ( )122 +× nK  such that nK ×2  is not a subgraph of .1F  We will 

show that nP4  is a subgraph of .2F  Thus, by Lemma 1 in [3], 2F  possesses 

a Hamiltonian path, so .42 nPF ⊇  Therefore, ( ) 12, 242 +≤× nKPm nn  for 

all .2≥n  ~ 

The second main result of this paper is determination of the size tripartite 
Ramsey numbers for combination small balanced complete multipartite 
graph and paths ,nP  where ,6,5,4=n  or 7. 

Theorem 4. For positive integer n, ( ) .6,,74 233 =≤≤ ×KPmn n  

Proof. For 53 ≤≤ n  by Theorem 2 in [8], we have ( ) .6, 233 =×KPm n  

Next, by Theorem 1 in [8], we have the lower bound ( ) 6, 233 ≥×KPm n  

for .76 ≤≤ n  

To show the upper bound ( ) ,6, 233 ≤×KPm n  consider .63×≅ KF  Let 

21 FF ⊕  be any factorization of F so that 1F  contains no .nP  We will show 

that 2F  contains .23×K  Let P be a longest path in F, and Q be a longest path 

in graph ( )PVF \  and R be a longest path in graph ( ).\ QPVF ∪  Let a and b 

be the end vertices of P. Let c and d be the end vertices of Q. Let e and f be 
the end vertices of R. Since P, Q, and R are the longest paths, ( )1FExy ∉  

for each { }.,,,,,, fedcbayx ∈  Let A, B, C be the partite sets of F. We 

consider two possibilities. 

Case 1. If ,,,, BdcAba ∈∈  and ,, Cfe ∈  then ( )1FEuv ∉  for every 

{ }.,,,,,, fedcbavu ∈  Thus, the set { }fedcba ,,,,,  will induce a 23×K  

in .2F  Therefore ( ) 6,233 ≤× nPKm  for .76 ≤≤ n  

Case 2. If ,,,, BdcAba ∉∉  or ., Cfe ∉  Without loss of generality, 

we may assume Aa ∈  and BcBb ∈∈ ,  and ,Cd ∈  and Ce ∈  and .Cf ∈  

Clearly that .,, 1Fceaeac ∉  Since ,6=== CBA  there are three 
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vertices, namely ,Au ∈  ,Bv ∈  and Cw ∈  such that .,, 1Fvwuwuv ∉  

Therefore, the set { }wevcua ,,,,,  will induce a 23×K  in .2F  Thus, 

( ) 6, 233 ≤×KPm n  for .76 ≤≤ n  ~ 
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