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Abstract

The aim of this paper is to bring together two areas which are of great
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The first area is homological algebra which is the main tool in
constructing the formal theory of overdetermined problems. And the
second area is the global calculus of pseudodifferential operators
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1. Introduction

The unguenchable phantasy of a researcher might pose any question on
complexes of differential operators on a manifold with boundary. However,
mathematics need not have any promising answers to those questions which
are not well motivated within the framework of the rigorous model.

As the second author presented his DSc thesis devoted to overdetermined
systems of differential equations in the Moscow State University in 1991, Y.
S. II’'yashenko asked him about remarkable complexes which are different
from the classical de Rham and Dolbeault complexes and their twisted
versions. The author should acknowledge that there had perhaps been not
many of them, see, however, [17, 9] and elsewhere.

Actually complexes of differential operators are naturally graded
determined systems of scalar differential operators. The fundamental
problem related to any system of partial differential equations is that on the
solvability of the system. A boundary value problem for the system is an
efficient way to parametrise the solutions through their boundary data. For
complexes of differential operators, a relevant substitute for a solution is the
cohomology of the complex. Therefore, for complexes those boundary value
problems are of key interest which retain information on the cohomology.

Such a construction can be adopted immediately from homological
algebra where it is called the cone of a cochain mapping, see [16] and
elsewhere. To the best of our knowledge, the construction was first
used in [7] to introduce elliptic boundary problems for complexes of
pseudodifferential operators on a compact manifold with boundary.

The idea of [7] was corroborated in the paper [6] which established that
under a nondegeneracy assumption, any overdetermined boundary value
problem possesses a compatibility complex of boundary value problems
which bears the structure of the cone of a cochain mapping. Both [7] and [6]
suffer from incomplete proofs of existence theory. This gap was filled up
within well elaborated techniques in [10].
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In [11], one applies the construction of the cone of a cochain mapping
to get Fredholm boundary value problems for the Dolbeault complex on a
compact complex manifold with boundary. As but one motivation of [11], we
mention that the Dolbeault complex on a strongly pseudoconvex compact
manifold is subelliptic at positive steps. What has still been lacking in [11]
is the general construction of elliptic boundary value problems within a
so-called Boutet de Monvel’s algebra with Toeplitz boundary conditions,
see [13]. Such a construction for complexes on compact manifolds with
boundary elliptic with respect to the interior symbol is elaborated in the
recent paper [13]. It appeals to techniques developed in [18].

While the desire to describe a similar construction was the first aim of
the present paper, on reflecting upon the problem, we found that the general
construction yields any surprising elliptic boundary value problems neither
for the de Rham complex nor for the Dolbeault complex on a compact
manifold with boundary. It is numerous applied problems that give an
inexhaustible source of ample mathematical phenomena.

The boundary value problems for complexes we consider in the present
paper are greatly motivated by [14]. When extremely simplified, they are
traced back to the following classical problem of algebraic topology. Let

X and S be two C” compact closed manifolds and 1: S - X be a

*

differentiable mapping. The ‘pull-back’ 1
mapping of the de Rham complex on X into that on S, namely,

under 1 gives us a cochain

1" Q(X) > Q(S). The cone C(1*) of this cochain mapping is said to
be the cone of 1. The complex C(1*) is easily seen to be Fredholm, i.e., it
bears a finite-dimensional cohomology Hi(C(L*)), for each i. Moreover,

Hi(C(l*)) is naturally isomorphic to the relative cohomology of the pair
(M, «(S)) with coefficients in C, provided that 1 is an embedding. We now
assume that f is a smooth mapping of the pair (X, S), ie., f =(fy, fg),

where fy and fg are smooth mappings of X and S, respectively. If the
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diagram
S — X
Lfs fo
S — X

commutes, then f has a natural lift to the complex C(1*) givenby fy @ fg.
Denote by L(f™) the Lefschetz number of this endomorphism of C(1*). By

the above, in case 1 is an embedding L(f™) coincides with the Lefschetz
number in the relative cohomology of (X, (S)) induced by f,. This is

well-defined because i(S) is invariant under the mapping f,. For the de

Rham complex, our result reads L(f*) = L(fy)- L(fs) which does not
explicitly involve 1. More generally, we consider two elliptic complexes

C*(X,F) and C*(S, E) on X and S, respectively. To each cochain

mapping T : C*(X, F) —» C*(S, E), there corresponds a new complex
C(T) called the cone of T, cf. ibid. If T is of finite order relative to the scales
of Sobolev spaces on X and S, then C(T) proves to be Fredholm. In
parallel to the relative de Rham cohomology, the corresponding theory in the
case of general elliptic complexes on X and S is referred to as the ‘relative
elliptic theory’. Yet another example of great importance in geometry is the
cone of a holomorphic mapping of two complex manifolds 1: S — X In
this latter case, both C* (X, F) and C*(S, E) are the Dolbeault complexes
on X and S, respectively. The paper [14] contains a proof of the Lefschetz
fixed point formula in the context of relative elliptic theory.

2. Quotient Complexes

Here we recall the well-known construction of a quotient complex from
homological algebra (see [16]).



Boundary Value Problems for Elliptic Complexes 1405

Let V' be a (cochain) complex of topological vector spaces whose
differential is dy . Suppose that for every i € Z, some subspace U'of Viis

distinguished. If the differential dy, preserves this sequence of subspaces,

ie., dVUi U™ for all i, then the sequence Ulisa complex of topological

vector spaces itself, endowed with the same differential dy,. As usual, such a

complex U- is referred to as a subcomplex of V.

If U- is a subcomplex of V-, then we can construct a new complex of
topological vector spaces Q' in the following way. Set Qi :Vi/Ui for
I € Z. The differential dg is defined so as to make the next diagram, whose

rows are exact, commutative:

0 — U X ye 2, Q’0 — 0
dy dy do

0 — U 5L vt B gt 4 0 (2.1)
dy dy dg

0 — U2 4L v B2 4

dy dy dg

Here the mappings labeled i represent inclusion and those labeled p
represent projection onto the quotient. It is easy to verify that dq is

continuous and dé = 0. The complex Q' obtained this way is called the

quotient complex of V' over U and it is denoted by V/U".
3. Cauchy Data Relative to Pseudodifferential Operators

Assume that X is a compact C* manifold with boundary containing in
a larger smooth manifold X”. Let A be a pseudodifferential operator of order
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m e Z acting between sections of vector bundles E and F over X' If
u e C*(X, E), then the extension e*u of u to all of X’ by zero belongs
to Lgomp(/’(', E), and hence the image A(e*u) lies in Hpe (X', F). By
the pseudolocality property of pseudodifferential operators, the restriction

r*A(e*u) of A(e*u) to the interior of X is C™. The operator A is said

to possess the transmission property with respect to the surface oX if

r*A(e*u) extends smoothly to the boundary of X whenever u e C*(X, E).

For the resulting operator, one writes simply A:C¥(X, E) - C*(X, F).
In the sequel, we restrict ourselves to pseudodifferential operators with
transmission property with respect to 0X. As but one example we mention
partial differential operators on X.

Denote by A" the formal adjoint operator for A. This is a
pseudodifferential operator of the same order m from sections of F to sections

of Eon A" such that (Au, g),» = (u, A"g), forall ue Céomp(&”", E) and
g € Coomp(X', F). Here, (., ), stands for the scalar product in L2(X, F)

or LZ(X, E), respectively. The formal adjoint operator bears the transmission
property with respect to X along with A.

A section ueC™(X, E) is said to have zero Cauchy data on
oX relative to A if (Au, g), =(u, A"g), for all ueC™(X, E) and

g € C*(X, F). In this case, we write cp(u) = 0.

Lemma 3.1. If m<0, then each section ue C*(X, E) has zero
Cauchy data on 0X relative to A.

Proof. Let g € C*(X, F). Pick any sequence gj € C*(&", F) with
the property that the support of each g; belongs to the interior of A" and

gj > g in the norm of L?(x, F). Since Au=r*A(e*u) belongs to
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LZ(X, F), we conclude by the continuity that

(AU, g)X = jlﬂ;noo(Au’ gJ)X

lim (A(e™u), gj)
joo

Ilm + A* 1 '
jim (&7 AT )y

= (u, A*g);\m
as desired. O

For partial differential operators A, the following theorem is easily
obtained by partial integration.

Theorem 3.2. Suppose m > 0. If u e C*(X, E) vanishes up to order
m —1 on o0&, then u has zero Cauchy data on oX.

Proof. Let u € C*(X, E) vanish up to the order m —1 on the boundary
of X, i.e., 0%u =0 on oX for all multi-indices o satisfying || <m -1
By the spectral synthesis theorem, there is a sequence uj € C*(X, E) such
that each u is compactly supported in the interior of X and u; — u inthe
norm of H™(X, E). If g € C*(X, F), then A*(e*g) e Hjor (X", E) which

is the dual space of H(’;‘;',mp(/’\,”, E). Therefore, we get

(Au, g)){ = j“_r)noo(AUj: Q)X

lim (uj, rYA"(e7g)) 4
jooo

(u, A*g))(:

as desired. n
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Denote by Cé‘; (X, E) the subspace of C*(X, E) consisting of those

sections u whose Cauchy data on the boundary relative to A vanish.
Obviously, this subspace is closed. On combining Lemma 3.1 and Theorem
3.2, we conclude that the quotient space

_C*(x E)
Cep (X, E)

is zero, if m <0, and it is specified within C*(oX, Jm‘l(E)), if m>1.

Here, 3™ X(E) stands for the bundle of (m —1)-jets of smooth sections of
the bundle E over X"

The quotient space Q bears the Cauchy data of sections u e C* (X, E)

on the surface oX" relative to A. This leads immediately to a Green formula
for the pseudodifferential operator A on the manifold with boundary X,
cf. [15]. The main difficulty in carrying out this construction for
pseudodifferential operators is that the spaces of Cauchy data do not survive
under the action of the differential of a complex. Hence, the spaces of
Cauchy data do not fit well into the constructions of the cone of a cochain
mapping of homological algebra, see [16]. We restrict ourselves to those
complexes whose differentials are given by local (i.e., differential) operators,
in which case, the methods of homological algebra yield useful calculating
tools.

4. The Complex of Cauchy Data

For i=0,1..,N-1 let Al be a differential operator of order mj

between sections of vector bundles F' and F'*! on X". Assume that the
composition of any two successive operators of the sequence is zero, and
consider the complex of Fréchet spaces

0 A 1 A A N
0-5>C*°X F)Y 5, FHy >, ENys 0 (41)
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whose differential A is given by Au= Alu for u e C”(x, Fi). It is

convenient to set AL = AN = 0.

Lemma 4.1. If u e C*(X, Fi) has zero Cauchy data on oX relative to

Al then also ca(Au) = 0.

Proof. Suppose that u e C™(X, Fi) satisfies cp(u) on 0X. By
definition, this means that

(Au, A*g)){ = (u, (A*)Zg);\f = (u, (AZ)*Q)X =0

forall g e C*(&, Fi+2). On the other hand, we get (A(Au), g), =0, for

A? = 0. This implies the desired assertion. O

The lemma shows that the differential A of the complex C*(X, F’)

preserves the spaces Cg';\()(, F') of sections with zero Cauchy data. On

using the construction of Section 2, we get the quotient complex

_CP(, F)
Co, (X, F)

whose differential is defined so as to make the following diagram with exact
rows commutative:

0 0 0
] |

0 — C2(X,F°) 5 C*°X,F°) 5 @ — 0
|4 | |4

0 — O, FH 5 o=@, F) 5 Q' — 0 (4.2)
|4 | 49

0 — C2(X,F?) 5 o=@, F?) X @2 — 0
4 4 |40
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Here the mappings labeled i represent inclusion and those labeled p represent
projection onto the quotient.

Recall that the hypersurface oX is said to be noncharacteristic for
complex (4.3) at a point x € oX if

Oco(x) 161(x) sN(x) "
O->FK - F - - > K -0 (4.3)

is an exact sequence of finite-dimensional vector spaces, where F)E is the
fibre of F' over the point x and ci(x) =M (Ai)(x, do(x)) is the principal
symbol of Al evaluated at the cotangent vector do(x). Here, ¢ is a smooth

real-valued function on X" such that {o < 0} just amounts to the interior of

X and o' # 0 on the boundary of X.

It was proved in [2] that if the boundary of X’ is noncharacteristic for
complex (4.3) at each point, then the quotient complex Q* can be specified
as a complex of differential operators C*(6X, E') on oX. This complex is
often referred to as the tangential complex for (4.3), its differential is denoted
by A, and the vector bundles E' by Fti, cf. [17, Section 12]. The
construction of the tangential complex is traced back remarkably to classical
complexes if C*(X, F') is a complex of first order differential operators,

see [17, 12.1]. We just mention that the tangential complex for the de Rham
complex on X’ reduces to the de Rham complex on the closed manifold o.X.

5. Cone of a Cochain Mapping

Let

A A A
0>Vl svis..5vN Lo,

B B B
O—>Q0—>Q1—>---—>QN -0
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be two complexes of Banach spaces. By a cochain mapping of these
complexes is meant any sequence of mappings

cl:vi 5 q
such that the diagram
b o— VO A P A A 9 oy B
fe* e [e (5.1)
0 — Q° o Q! B, B QN — 0

commutes, i.e., c'A=BC"foralli.

Given any cochain mapping C = {Ci }, one defines a new complex

vO vi vN 0
40 gt gN-1 gN
0 » & » & > -+ - @ > @® > 0 (52

where

i (=A 0
I _
d _[Ci §4}

It is called the cone of the cochain mapping C and denoted by C(C), cf. [16]
and elsewhere.

By c'A=BC"?, we see that Al restricts to a mapping kerC' —
kerC'*1, and B' lifts to a mapping coker C' — coker C'*1. We thus arrive
at two associated complexes

A A A
0 kerC® = kercl>... > kercN > 0,

B B B
0 — coker C® — coker Ct —---— cokerCN — 0 (5.3)

denoted by ker C and coker C, respectively.



1412 D. Fedchenko and N. Tarkhanov

Lemma 5.1. Complex (5.2) is Fredholm if and only if so are both the
complexes (5.3). In this case,

X(C(C)) = X(kerC) — X(cokerC).

Given a (cochain) complex V', we write X(V') for the Euler
characteristic of V', i.e., for the alternating sum of dimensions of the
cohomology spaces of V', if defined.

Proof. A trivial verification shows that

HO(c(C)) = H(kerC),
H'(C(C)) = H'(kerC) ® H'*(coker C),
HN*L(c(C)) = HN(cokerC)
and the lemma follows. O

In particular, complex (5.2) is exact if and only if so are both the
complexes (5.3).

We apply the construction of C(C) in the case when
Qi _ Vi/Ui’
U’ being closed subspaces of v such that A maps U’ to U™ for each i.
Then A lifts in a natural way to a mapping Qi — Q”1 which we denote by
AQ. By the definition, it fulfills c'A= AQCi‘l, where C' are the canonical
mappings. Hence, we arrive at the complex
ve vl , - yN . 0
0 — & 5 L S L e 0 (54)

0 Voo

with

2 3
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Theorem 5.2. For complex (5.4) to be Fredholm, it is necessary and
sufficient that the complex

A A A
0>Usults..5uN o (5.5)

would be Fredholm. In this case, the Euler characteristic of (5.4) is equal to
that of the complex (5.5).

Proof. It suffices to combine Lemma 5.1 with the observation that in
our case, the complex ker C reduces to (5.5), and the complex coker C is

Zero. O

6. A Noncharacteristic Cauchy Problem

Suppose that the boundary of X’ is noncharacteristic for complex (4.3) at
each point x € X. Given f e C*(X, F') and g e C*(0x, F'™), we
consider the Cauchy problem of finding sections u e C*(X, Fi‘l) and

v e C*(0X, F'?) which satisfy

—-Au = f in X,
{ (6.1)

calu)+ Av=g ondx,
cf. [17, Section 19].

For the existence of a solution to this problem, it is necessary that
—Af =0 in X and ca(f)+ Ayg =0 on 0X. Hence, the study of problem

(6.1) reduces to evaluating the cohomology of the complex

COO(X, Fi—l) COO(X, Fi) COO(X, Fi+l)
@ - @ — @ (6.2)
CP (X, Fi72) ce(x, R ce(ex, /)

at the middle step, where

i ~A 0
‘ _{CA Ati)_lj.
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The following example has been mentioned in many researches. It goes
back at least as far as [7].

Example 6.1. Let C*(X, F*) = Q'(X) be the de Rham complex on X.
Then (6.2) is the relative de Rham complex of the pair (X, 6.X) at step i. Its

cohomology is isomorphic to the relative cohomology of the pair (X, 6.X)
with complex coefficients, i.e., Hi((X, 0X), C). Hence, the cone of the

cochain mapping c4 of Q'(X) is Fredholm.

For i=0,1.., N, we denote by C%(X’ Fi) the subspace of
Cc”(, Fi) consisting of all sections with (compact) support in X.
Obviously, the spaces C% (X", Fi) survive under the differential A and so
they constitute a subcomplex of C* (X, F").

Theorem 6.2. The cohomology of (6.2) at the middle step is isomorphic
to that of C3 (X', F) atstepi, i.e.,

H'(C(ca)) = H'(CH(X, F)).

Proof. Since the boundary of X is noncharacteristic for complex (4.3)
at each point, Theorem 11.11 of [17] shows that the cohomology of the

complex Cx(&", F') coincides with that of C¢ (X, F’). Therefore, we shall

have established the theorem if we prove that

H'(C(ca)) = H'(CE, (X, F)).

Pick a cohomology class [f @ g] in Hi(C(cA)), where sections f e
C*(X, F')and g e C*(0X, F'™) satisfy —Af =0 in X and ca(f)+ Ag
=0 on &X. There is a section § € C*(X, F'™Y) such that ca(§) = g on
the boundary. Hence, it follows that A(f + Ag) =0 in X and ca(f + AQ)

=0 on 0X. We introduce a homomorphism
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h:H'(Cca)) - H(CE, (X, F))

by setting h[f @ g] =[f ® Ag], the cohomology class in Hi(C(‘:‘;(X, F))
containing f + Ag.

We first show that this definition is correct, i.e., the class [f + Ag] does

not depend on the particular choice of the representative of the class
[f @ g]. To this end, we assume that f @ g represents the zero class in

Hi(C(cA)). Thenwe get f = —Au in X and g =cp(u) + Ayv on 8X for
some sections u € C*(X, F'™1) and v e C*(8X, F~2). Choose a section
7 e C®(X, F'72) such that c(V) = v on 0X. On setting § = u + AV, we
obtain ca(u+ AV) =g and [f + Ag] =[f + Au] =0, as desired.

The homomorphism h is injective. Let [f @ g] be any class in
Hi(C(cA)) such that h[f ® g]=0. By the definition of h, there is a
section u e C*(X, Fi‘l) such that ca(u)=0 and Au = f + Ag, where
§ e CP(x, F'1) satisfies ca(d) =g on the boundary of X. Then the
section —u + § belongs to C*(X, F'™1) and fulfills —A(-u + §) = f in

X and cp(-u+g)+ Ay0=g. Hence, it follows that [f ® g]=0, as
desired.

It remains to show that the homomorphism h is surjective. For this
purpose, we fix a class [f] in Hi(Cg';\(X, F'), where f e C*(X, F') is
a section with the property that Af =0 in X and ca(f) =0 on oX. Then
the pair f @ 0 determines obviously a cohomology class in H i(C(CA)) and
h[f @ 0] = [f + A0], which completes the proof. O

Actually, the abstract contents of the proof of this theorem are a part of

homological algebra sketched in the proof of Lemma 5.1, for the cochain
mapping, Cp IS surjective.
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Theorem 6.2 initiates many substantial problems of geometry and
global analysis. Assume, e.g., that (4.3) is an elliptic complex on the
manifold X”. Then it has a parametrix P on X’, i.e., there is a sequence of

pseudodifferential operators P of order —m;_, between sections of vector
bundles F' and F'~* such that PAu+ APu=u—Su forall u e D'(x', Fi)
with compact support, where s' is a smoothing operator on sections of
D'(x', F'). Letnow u e c2(x’, F9) satisfy Au=0in A" Then u = Su
in X'. A familiar argument shows readily that the space of such u is of
finite-dimension, i.e., dim HO(CBE(X', F')) < oo. On the other hand, suppose
that HY(C™(X", F))=0 and the complement of X in X’ is connected.
Let f e Cy(X, Fl) satisfy Af =0 in X' By assumption, there is a
ueC?(, FO) such that Au = f in X" In particular, we get Au =20

away from the compact set X in A’ By the Hartogs theorem on
removability of compact singularities by solutions of overdetermined
systems (see [17, Section 19]), we conclude that there is a section

0 ecC?x, FO) satisfying Al =0 in &' and T =u in X'\X. The
difference u -0 € C*(x", F%) is supported in X and it satisfies
Alu-Uu)=f in X" Hence, it follows immediately that the cohomology
HYC% (X", 7)) is trivial. It is worth pointing out that the cohomology of

complex C¥(X’, F') at the last step N need not be finite-dimensional in
general. A calculus of pseudodifferential operators relevant to the study of

the cohomology of complex C% (X', F') has been developed in [19].

7. The Cauchy Problem for the Dolbeault Complex

Consider a compact domain X with Lipschitz boundary in an
n-dimensional Kéhler manifold {X”’, ®}, ® being a Kéhler metric on x”. As

usual, we write X’° for the interior of X’. We assume that X° satisfies some
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log d-pseudoconvexity condition, where & stands for the boundary distance
with respect to . By the log &-pseudoconvexity is meant roughly that
—log & extends to a strictly plurisubharmonic function on X°. Examples of

domains satisfying the above log 6-pseudoconvexity condition are weakly
pseudoconvex domains in Stein manifolds and weakly pseudoconvex
domains in Kahler manifolds with positive holomorphic bisectional
curvature.

Let f be a smooth (p, q)-form on A" satisfying 6f =0 on X’ and
suppf < X, i.e., f vanishes to infinite order at the boundary of X. The

paper [3] studies the problem of finding a smooth (p, g —1)-form u on X’
with support in X' satisfying éu = f in X",

The solvability of this & -problem leads to extension results for -
closed forms on the boundary of X', whenever 0X" is smooth, and can thus
be used to understand the 5b -cohomology of 0X, see [8] and [4] for a recent

account of the theory. In [3], it is proved that this & -problem admits a
solution for 1< q<n-1, and the top degree & -cohomology groups of

smooth forms with support in X’ are separated.

The case X = C" with piecewise smooth boundary was settled in the
paper [12] using kernel methods. Note that a much more refined result based
on explicit integral representations had already been established by Sh.
Dautov in 1979 (see Section 25 in [1]).

Similarly to [1, Section 25] the proof of [3] exploits basic L? estimates
on X with powers of the reciprocal of the boundary distance as weight
function. Sobolev estimates for elliptic operators whose symbol can be
controlled by some power of the boundary distance are deduced in order to

prove regularity results for the minimal L2 solutions of the & -equation.

Theorem 6.2 allows one to apply the results of [3] to the cone of the
cochain mapping
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0 — o) 2 orvx)y & 2 ornx) — 0

t l t t

0 — 2Yox) 2 M) 2 ... — 0

of the Dolbeault complex QP'(X) on X into the induced complex
Qtp"(ax) on the boundary, see [17, Section 11]. Here, for fixed
p=0,1 ..n by QP9(X) is meant the space of all differential forms of

bidegree (p, q) with C* “coefficients” on X. Given any f € QP 9(x),

we denote by t(f) the complex tangential part of f on 6X. As mentioned,

t(f) is identified as a C* section of a smooth vector bundle over the

boundary which is different from zero unless g = n. The space of all such
sections is denoted by Qtp’q(aX), for g=0,1 ..., n—1. These spaces are
gathered into the complex QP "(6x) endowed with differential 6,,. By the
very definition, we get t(f ) = dpt(f). The complex Qf (6.x) is usually
referred to as the tangential Cauchy-Riemann complex on aX, and &, is
called the tangential Cauchy-Riemann operator.

As defined above, the cone of the cochain mapping t: QP "(X) —

QP 9(6x) looks like

aPOx) aPl) QP "(x)
dO dl dn—l
0 —» ® - @ - - > ® - 0 (7.1)
0 oP%ex) of " ex)

where
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Corollary 7.1. Suppose that X is a compact domain with smooth

boundary in a Kahler manifold X" whose interior is log &-pseudoconvex.

Then the cohomology of (7.1) at steps 0<g<n-1 is zero and the

cohomology at the top step g = n is separated.

Note that the latter assertion just amounts to saying that the range of the

operator d" is closed in QP "(x) ® QP "(ox).
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