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Abstract 

Given a finitely generated primary module over a principal ideal 
domain, we present the structure of its endomorphism ring and identify 
a fully invariant submodule in terms of a cyclic decomposition of the 
module. Furthermore, we use this identification to characterize 
S-prime submodules. 

1. Introduction 

Let R be a principal ideal domain, M be a finitely generated primary 
R-module, and ( ).MEndE R=  To begin with, we review the structure of the 

endomorphism ring ( )MEndR  of the module M. Suppose 
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( ) ,1, 11 ≥≥≥==⊕⊕= m
e

im eeepuouuM i ""  (1) 

where ( )uo  denotes the order of u, is a cyclic decomposition of M (see [4]). 

Then, it is a routine to obtain a description of the endomorphism ring 
( ),MEndR  as an R-module 
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According to above definition it is clear that ( ) { },,min ji ee
ij po =δ  and 
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An R-submodule MX ⊆  is a fully invariant submodule of M if and 
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only if X is an E-submodule of M. Meanwhile, the class of primary modules 
has an important role in the study of modules over a principal ideal domain. 
Furthermore, we can see that a primary module is a self generator, and 
according to Theorem 1.10 in [2], ( ) ( ){ }XMfEfMX ⊆|∈=:  is a 

prime ideal of E if and only if X is an S-prime submodule of M. Then how 
about the structure of the ideals of its endomorphism and a fully invariant 
submodule in terms of a cyclic decomposition of the module. In this paper, 
we investigate the structure of the endomorphism ring and identify the fully 
invariant submodule in terms of a cyclic decomposition of the primary 
module. 

2. Ideals of Endomorphism Ring 

In this section, we present a characterization of ideals of the 
endomorphism ring of a module M according to its cyclic decomposition. 
Based on the above description, we obtain a general form of ideals in the ring 

( )MEndR  as shown in the following theorem. 

Theorem 1. A nonempty subset ( )MEndI R⊆  is an ideal of ( )MEndR  

if and only if 

 ,11 ij
km

j
m
i

ijpI δ⊕⊕= ==  (5) 

where ( )MEndRij ∈δ  defined in equation (3), for some nonnegative 

integers { }jiij eek ,min≤  satisfying: 

1. ttst kk ≤  and ,ssst kk ≤  

2. strt kk ≤  and rsrt kk ≤  for tsr ≤≤  or ,tsr ≥≥  

3. tsttss eekk −≤−  for ,ts ≤  

where { }....,,1,, mtsr ∈  

Proof. Let ( )MEndI R⊆  be an ideal. Consider a cyclic decomposition 

of M of the form (1). Thus we obtain the endomorphism ring ( )MEndR  in 
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the form (2), where ( )MEndRij ∈δ  is defined as in (3). Using the fact that 

for every { },...,,1, mji ∈  

,ijjjii II δ⊆δδ ∩  

we obtain 

ij
km

j
m
i

ijpI δ⊕⊕= == 11  

for some nonnegative integers ,ijk  { }....,,1, mji ∈  

To show Property 1, let { }mts ...,,1, ∈  and ., Ipp tt
k

ss
k ttss ∈δδ  Then 

Ipp st
k

tt
k

st tttt ∈δ=δδ  

and 

.Ipp st
k

stss
k ssss ∈δ=δδ  

These imply that ttst kk pp |  and ssst kk pp |  for every { },...,,1, mts ∈  and 

therefore 

ttst kk ≤   and  .ssst kk ≤  (6) 

To show Property 2, let ( )MEndRstrs ∈δδ ,  and ,, Ipp rs
k

st
k rsst ∈δδ  

where tsr ≤≤  or .tsr ≥≥  Then according to (4), we have 

( ) Ipp rt
k

st
k

rs stst ∈δ=δδ   and  ( ) .Ipp rt
k

strs
k rsrs ∈δ=δδ  

These imply strt kk pp |  and rsrt kk pp | , and therefore 

strt kk ≤   and  ,rsrt kk ≤  where tsr ≤≤  or .tsr ≥≥  (7) 

To show Property 3, let ,, Ipp ts
k

st
k tsst ∈δδ  where .ts ≤  Then 

.ss
eek

tsst
k tsstst pp δ=δδ −+  

These imply ,tsstss eekk pp −+|  and hence tsstss eekk −+≤  or ≤− sss ek  
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.tst ek −  Because of (6), we have ,ttttstsss ekekek −≤−≤−  and hence 

,tttsss ekek −≤−  where .ts ≤  (8) 

Conversely, if ,11 ij
km

j
m
i

ijpI δ⊕⊕= ==  then I is a subgroup of ( ).MEndR  

Since I satisfies (6), (7) and (8), for any ( ),MEndRst ∈δ  where 

{ }mts ...,,3,2,1, ∈  and Ip ij
kij ∈δ , we have 

( ) Ip ij
k

st
ij ∈δδ  and ( ) .Ip stij

kij ∈δδ  

Hence I is an ideal of ( ).MEndR   

Based on the above theorem we can identify some ideals in ( ).MEndR  

For example: 

(1) Consider a cyclic decomposition of M of the form (1), then for all 

( )MEndpek R
k,≤  is an ideal in ( ).MEndR  

(2) Let 21 uuM ⊕=  be a primary R-module. Then 

{ } ( )MEndpspan R
ee ⊆δδδδ=δ −

2221121111 21,,,  

and 

{ } ( )MEndpspan R
ee ⊆δδδδ=δ −

2221121122 ,,,21  

are ideals in ( ).MEndR  Particularly 0=ijk  in 11δ  except for 22k  and 

0=ijk  in 22δ  except for .11k  

3. Fully Invariant Submodules 

In this section we discuss the structure of fully invariant submodules in 
terms of the cyclic decomposition (1). 

Definition 1. Let M be an R-module. A submodule X of M is called fully 
invariant if for every ( ),MEndf R∈  the condition ( ) XXf ⊂  holds. 
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According to the definition, aM is a fully invariant submodule of M for 
any .Ra ∈  We present a connection between fully invariant submodules and 
ideals of ( ).MEndR  

Lemma 1. Let ( )MEndI R⊆  be an ideal of the form (5), X be a 

submodule of M, and ( ) .,1 ⎭
⎬
⎫

⎩
⎨
⎧ ∈∈|= ∑ =

n
i iiii XxIgxgXI  Then ( )XI  is a 

fully invariant submodule of M. 

Proof. Note that if ( )MEndf R∈  and ( )∑ = ∈= k
i ii XIxgv 1  for some 

,, XxIg ii ∈∈  then 

( ) ( ) ( )∑∑
==

∈=
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

k

i
ii

k

i
ii XIxfgxgfvf

11
.   

Conclude that if I is an ideal of ( ),MEndR  then IM is a fully invariant 

submodule of M. In general, a fully invariant submodule can be expressed as 
a direct sum of multiple of cyclic summands of the module as described in 
the following theorem. 

Theorem 2. Consider a cyclic decomposition of a module M as shown in 
(1). A submodule X of M is fully invariant if and only if 

m
ss upupX m⊕⊕= "11  (9) 

for some ii es ≤≤0 , where for each i with ,ji ee ≥  

.0 jiji eess −≤−≤  (10) 

Proof. Let X be a fully invariant submodule of M and ijδ  for 

mji ...,,1, =  be the endomorphisms defined in (3). It is clear that ( )Xiiδ  is 

a submodule of ,iu  and hence 

( ) i
s

ii upX i=δ  

for some nonnegative integer is  satisfying .0 ii es ≤≤  Since X is fully 
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invariant, we obtain ( ) XXup iii
si ⊆δ=  for all ....,,1 mi =  As a result 

.11 Xupup m
ss m ⊆⊕⊕"  

Since ∑ = δm
i ii1  is the identity map, we obtain 

( ) ( )∑∑
==

⊕⊕=δ⊆
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
δ=

m

i
m

ss
ii

m

i
ii upupXXX m

1
1

1
.1 "  

Thus (9) holds. To show that (10) holds, let .ji ee ≥  Then 

i
s

ii
see

j
s

ij upuXupup ijjij =∈=δ +− ∩  

and 

.j
s

jj
s

i
s

ji upuXupup jii =∈=δ ∩  

These imply 

jjii sees +−≤≤0  and .0 ij ss ≤≤  (11) 

Therefore, (10) holds. 

Conversely, let X be a submodule that satisfies (9) and (10). Let 
mji ...,,1, =  and suppose .ji ee ≥  Then 

( ) i
see

j
s

ij upup jjij +−
=δ  and ( ) .j

s
i

s
ji upup ii =δ  

On the other hand, (10) implies (11). Hence 

( ) Xupupup i
s

i
see

j
s

ij ijjij ⊂∈=δ +−   

and  

( ) .Xupupup j
s

j
s

i
s

ji
jii ⊂∈=δ  

Since for ,...,,1, mji =  ijδ  generate ( )MEndR , we obtain that X is a fully 

invariant submodule.  
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According to Theorem 2, we can describe the relationship between fully 
invariant submodules of a primary module with its cyclic decomposition. 

Lemma 2. Let ( )MEndI R⊆  be an ideal of the form (5), and 

i
sm

i upX i1=⊕=  

be a fully invariant submodule of M. Then 

( ) ,1 i
m
i upXI iθ
=⊕=  (12) 

where { }{ }mlili ...,,3,2,1min ∈|θ=θ  and 

⎩
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.,
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ilforeesk
ilforsk

lilil
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sl ∈  with { }....,,3,2,1,, mlji ∈  
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Let { }{ },...,,3,2,1min mlili ∈|θ=θ  and 

⎩
⎨
⎧

>−++
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=θ
.for,
,for,

ileesk
ilsk

lilil

lil
il  (13) 

Then 

( ) ( ) .il
s

ij
k upupp ilij θ∈δ  

Furthermore, because ij
km

j
m
i

ijpI δ⊕⊕= == 11  and ,1 i
sm

i upX i
=⊕=  we 

have 
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i
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Conversely, if ,1 i
m
i upx iθ
=⊕∈  then ∑ =

θα= m
i ii upx i

1  for .Ri ∈α  

Because of (13), there exists an 0l  such that .0ili θ=θ  Furthermore, if 

0li ≥ , then 

( ) ( ) ( )∑ ∑ ∑
= = =

+θ
∈δα=α=α=

m

i

m

i

m

i
l

t
il

k
ii

tk
iii XIuppupupx lillilil

1 1 1
0

0
0

0000  

and if 0li < , then 
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−++θ
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m

i

m

i
i

eletk
iii upupx ililil

1 1
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( ) ( ) ( )∑
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m

i
l

t
il

k
i XIupp lil

1
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According to Lemma 2, we can describe the form of ( )XI  by its cyclic 

decomposition. Note that for every fully invariant submodule MX ⊆ , there 

exists an ( )MEndf R∈  such that ( ) .XMf =  Furthermore, we can see that 

for every fully invariant submodule MX ⊆ , there exists an ideal 

( )MEndI R⊆  such that ( ) .XMI =  

According to Theorem 2, we can see the connection between a fully 
invariant submodule in M with its direct summands. 

Corollary 1. Consider a cyclic decomposition of a module M as shown 
in (1). Let H be a submodule fully invariant of .iu  Then there exists a fully 

invariant submodule H  of M with H as a direct summand of .H  

Proof. Let iii
h ehupH i ≤≤= 0,  be a fully invariant submodule of 

.iu  For ,...,,1 mj =  let 

{ }⎩
⎨
⎧

>
≤

=
.if,,min
,if,

ijeh
ijh

h
ji

i
j  
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Then mhhh ...,,, 21  satisfy conditions 

,0 ii eh ≤≤  for all mi ...,,1=  

and 
,0 jiji eehh −≤−≤   if .ji ee ≥  

Thus the submodule 

i
h

n

i
upH i

1=
⊕=  

according to Theorem 2 is fully invariant in M with H as one of its direct 

summands.  

4. S-prime Submodules 

In this section we describe a characterization of S-prime submodules in 
primary modules. The concept of an S-prime submodule was introduced by 
Sanh et al. as a generalization of prime ideals in an associative ring [2]. 

Definition 2. A proper fully invariant submodule MX ⊆  is called an 

S-prime submodule of M if for every ideal I of ( )MEndR  and every fully 

invariant submodule U of M satisfying ( ) ,XUI ⊂  we have XU ⊆  or 

( ) .XMI ⊆  

Our characterization of an S-prime submodule is developed in relation 
with the characterization of fully invariant submodules in terms of the cyclic 
decomposition of the module. 

Theorem 3. Consider a cyclic decomposition of a module M as shown in 
(1), and let 0i  be the smallest positive integer { }mi ...,,3,2,10 ∈  such that 

.01 iee >  Let X be a proper fully invariant submodule of M which satisfies 

(9) and (10). Then X is an S-prime submodule of M if and only if ,10 ≤≤ is  

where 11 =s  and .00 =is  
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Proof. Let X be an S-prime submodule of M. Suppose there exists 
mi ≤≤1  such that .2≥is  Since the integers mss ...,,1  satisfy (10), we 

have .21 ≥s  Let 11 >i  be the smallest positive integer such that .11 iss >  

That means the following inequalities 

0111 111 ≥≥≥≥>== +− miii sssss ""  

hold. Define m-tuple of nonnegative integers ( )mtt ...,,1  as follows: 

⎩
⎨
⎧

+=
−=−

=
....,,1,if,

,1...,,1if,1

11

1
miiis

iis
t

i

i
i  

It is easy to verify that ( )mtt ...,,1  satisfies 

jiji eett −≤−≤0   for each ji ee ≥  

and so the submodule i
tm

i upU i1=⊕=  is fully invariant but XU ⊆\  since 

.11 ts >  Let ( )MpEndI R=  be the ideal of ( )MEndR  generated by the 

endomorphism ,ijpδ  where ( )MEndRij ∈δ  is defined in (3). We obtain 

( ) XUI ⊆ , but XU ⊆\  and ( ) XpMMI ⊆= \  since pMpu ∈1  and 

.1 Xpu ∉  This contradicts the fact that X is S-prime. Thus 10 ≤≤ is  for all 

....,,1 mi =  

Furthermore, let { }mi ...,,3,2,10 ∈  be the smallest positive integer such 

that .01 iee >  Suppose that 101 == iss  and .01 ii >  That means the 

following inequalities hold: 

.011111 111000 ≥≥≥≥>====== +−+− miiiiii ssssssss """  

Define the ideal ( ),11 MEndpI Rij
km

j
m
i

ij ⊆δ= == ⊕⊕  where 

⎩
⎨
⎧

≥≥
<≤<≤

=
,andfor,1

,1or1for,0

00

00
ijii

ijii
kij  (14) 
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and a fully invariant submodule ,1 MupU i
tm

i i ⊆⊕= =  where 

⎩
⎨
⎧

≤≤
<≤

=
.for,0

,1for,

0

0
mii

iis
t i
i  (15) 

Since 10 00 =<= ii st , .XU {  Note that 

( ) ,1 i
m
i upUI iθ
=⊕=  

where { }{ }mlili ...,,3,2,1min ∈|θ=θ  with 

⎩
⎨
⎧

>−++
≤+

=θ
.for,
,for,

ileetk
iltk

lilil

lil
il  

From (14) and (15), for ,1 0ii <≤  

⎪⎩

⎪
⎨
⎧

≥>−=−++
<>=−++

≤=+
=θ

,andfor,
,andfor,1

,for,1

0
0
ilileeeetk
ilileetk

iltk

lililil
lilil

lil
il  

and for ,0 mii ≤≤  

⎪⎩

⎪
⎨
⎧

>>−+=−++
<≤=+
≥≤=+

=θ
,andfor,1
,andfor,2
,andfor,1

0
0
0

ilileeeetk
ililtk
ililtk

lililil
lil
lil

il  

which imply .1=θi  Hence ( ) .XUI ⊆  

On the other hand 

( ) ,1 i
m
i upMI iη
=⊕=  

where { }{ }mlili ...,,3,2,1min ∈|η=η  with 

⎩
⎨
⎧

<−+
≤

=η
.for,
,for,

lieek
ilk

liil

il
il  
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From (14), for 01 ii <≤ , 

⎪⎩

⎪
⎨
⎧

≥>−=−+
<>=−+

≤=
=η

,andfor,
,andfor,0

,for,0

0

0
ilileeeek
ilileek

ilk

liliil

liil

il

il  

and for ,0 mii ≤≤  

⎪⎩

⎪
⎨
⎧

>>−+=−+
<≤=
≥≤=

=η
,andfor,1
,andfor,0
,andfor,1

0

0

0

ilileeeek
ililk
ililk

liliil

il

il

il  

which imply .0=ηi  Hence ( ) .XMMI {=  Thus ( ) XUI ⊆  but XU {  

and ( ) .XMMI {=  This contradicts the fact that S is an S-prime. Thus 

10 ssi ≠  or .00 =is  

Conversely, let X be of the form (9) and (10) with 11 =s  and .00 =is  

Let I be an ideal of ( )MEndR  of the form (5) and i
tm

i upU i1=⊕=  be a 

fully invariant submodule of M such that ( ) .XUI ⊆  Consider that 

( ) ,1 i
m
i upUI iθ
=⊕=  (16) 

where { }{ }mlili ...,,3,2,1min ∈|θ=θ  with 

⎩
⎨
⎧

<−++
≤+

=θ
,for,
,for,

lieetk
iltk

lilil

lil
il  

and 

( ) ,1 i
m
i upMI iη
=⊕=  (17) 

where { }{ }mlili ...,,3,2,1min ∈|η=η  with 

⎩
⎨
⎧

<−+
≤

=η
.for,
,for,

lieek
ilk

liil

il
il  
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Suppose ,XU {  since 11 =s  and 01 iss >  for { },...,,1, 01 mii ∈  we obtain 

01 =t  and .11 =s  According to (10), we have that 0=it  for ∈i  

{ },...,,2,1 m  furthermore 

⎩
⎨
⎧

<−+
≤

=θ
.for,
,for,

lieek
ilk

liil

il
il  

Hence ii η=θ  and 

( ) ( ) .XUIMI ⊆=  

Thus X is S-prime.  

According to above theorem we can easily identify an S-prime 
submodule in a primary module. For example: Consider ⊕= 64ZM  

816 ZZ ⊕  as a Z-module, then 81664 22 ZZZ ⊕⊕  is not an S-prime 

submodule of M. 

We close this section with a description of a relation between prime 
submodules and S-prime submodules. 

Theorem 4. Let M be a primary R-module. If MX ⊆  is an S-prime 
submodule of M, then X is a prime submodule of M. 

Proof. Consider a cyclic decomposition of the module M as shown in (1) 
and so the submodule X is of the form (9) which satisfies (10) with 

,10 ≤≤ is  where 11 =s  and .01 iss >  

We prove that X is a prime submodule of M. From the fact 10 ≤≤ is  

and 11 =s , we obtain that the ideal 

( ) { }XrMRrMX ⊆∈= ::  

is generated by p. Let ,Rr ∈  Mx ∈  be such that .Xrx ∈  Let 

∑ = α= m
i iiux 1  for some .Ri ∈α  Then ∑ = α= m

i iiurrx 1 .  Suppose .Xx ∉  

Then X is prime if we can show that ( )MXr :∈  which is obtained by 
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showing that .rp |  From ,Xx ∉  X is of the form (9), and ∑ = α= m
i iiux 1 ;  

there exists 01 ii <  such that .1
1

11 i
s

ii upu i∉α  This implies 11 =is  and 

.1ip α  Because Xrx ∈ , we obtain i
s

ii upur i∈α  for all ....,,1 mi =  In 

particular, we have .111 iii puur ∈α  Thus .1irp α|  Because p is prime and 

,1ip α  then .rp |   

Note that the converse of the above theorem is not true. There exists a 
prime submodule which is not fully invariant. Hence not every prime 
submodule is an S-prime submodule. For example, consider 328 ZZ ×=M  

as a Z -module. Then 3220 Z×=X  is a prime submodule. This is because 

for every ( ) Z∈∈= rMbam ,,  with ( ) Xrbrarm ∈= ,  implies that 

( )MXr :∈  or .Xm ∈  In contrast the submodule X is not S-prime, because 

X is not fully invariant. 
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