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Abstract

Given a finitely generated primary module over a principal ideal
domain, we present the structure of its endomorphism ring and identify
a fully invariant submodule in terms of a cyclic decomposition of the
module. Furthermore, we use this identification to characterize

S-prime submodules.
1. Introduction

Let R be a principal ideal domain, M be a finitely generated primary
R-module, and E = Endp(M). To begin with, we review the structure of the

endomorphism ring End g(M ) of the module M. Suppose
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M={u)® - ®(u,) oy)=pi, e=e = 2¢,>1, (1)

where o(u) denotes the order of u, is a cyclic decomposition of M (see [4]).

Then, it is a routine to obtain a description of the endomorphism ring
Endp(M), as an R-module

El’ldR(M) = (‘B:n:l @;nzl <6’J>’ (2)
where 8;; € Endg(M) is defined as follows: for every 1 < pu < m,

max{0, ¢; e} . .

j > f =/
51']'(”“) = {p Ui 1 I8 ] (3)
0, if p=j.

min{e,-, ej}
2

According to above definition it is clear that o(3;) = p and

8;;,0k,; =0 if j, #k, For example, if 83,8 € Endp(M) and

where bl-j € R, then

b e Endp(M), b = Z;”:szlbijﬁij,

m m
832+ b+ 830 (u) = 832 ) biadin(ur) = 83y bnda () + D binBin(ur)

i-1 i=1,i%2
= by - 833 - S (up) + 0 = byy - u3 = byd3y(uy).
Hence 832 . b . 622 = b22632.

Furthermore, we have an important property, that is,

pHo sy, if k, < and j < i,
pHe TS, if k, <i and i < J,
Ok, Ok, =\ p %05, if ky > and j>i, )
p %oy, if k, > i and i > j,
0 ifi<k,<j orj<k,<i.

An R-submodule X < M is a fully invariant submodule of M if and
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only if X is an E-submodule of M. Meanwhile, the class of primary modules
has an important role in the study of modules over a principal ideal domain.
Furthermore, we can see that a primary module is a self generator, and
according to Theorem 1.10 in [2], (X : M)={f e E|f(M)c X} is a

prime ideal of E if and only if X is an S-prime submodule of M. Then how
about the structure of the ideals of its endomorphism and a fully invariant
submodule in terms of a cyclic decomposition of the module. In this paper,
we investigate the structure of the endomorphism ring and identify the fully
invariant submodule in terms of a cyclic decomposition of the primary
module.

2. Ideals of Endomorphism Ring

In this section, we present a characterization of ideals of the
endomorphism ring of a module M according to its cyclic decomposition.
Based on the above description, we obtain a general form of ideals in the ring

End (M) as shown in the following theorem.

Theorem 1. A nonempty subset I < Endp(M) is an ideal of Endg(M)

if and only if
1=8 &y (p75;), 5)

where 8;; € Endp (M) defined in equation (3), for some nonnegative
integers k;; < minle;, e;} satisfying:

l. kyy < ky and kg < kg,

2. ky <kgand k., <k, forr<s<torr>s2t,

3. kg —ky <eg —e for s <t,

where r, s, t € {1, ..., m}.

Proof. Let / < Endp(M) be an ideal. Consider a cyclic decomposition

of M of the form (1). Thus we obtain the endomorphism ring Endg(M) in
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the form (2), where 8;; € Endp(M) is defined as in (3). Using the fact that

forevery i, j € {l, ..., m},

we obtain
m o om kij
1=0L, &7 (p75;)
for some nonnegative integers k;;, i, j € {1, ..., m}.
To show Property 1, let s, ¢ € {1, ..., m} and pk“é‘)ss, pk’fSﬂ € 1. Then

5stpk"5tt = Pk”5st el

and
kaS8SS6Sl‘ = kaSSSl‘ el

These imply that pst | p¥t and p%st | p*ss for every s, t e {1, ..., m}, and
therefore
ky < ky and kg < k. (6)

To show Property 2, let &, 8, € Endp(M) and p*sts,, p*ns e,

where » < s <t or r > 5 > ¢. Then according to (4), we have
By (pk‘wgst) = pk‘?tsrt €l and (pkrs Oy)B = pkm6rt €l
. k;, k k;, k
These imply p™* | p™s* and p™"* | p"'s , and therefore

k., <ky and k,; <k, where r<s<torr>s=>t. @)
To show Property 3, let pk” Oyt pkaStS € I, where s < t. Then

k ky+e,—
P8y dy = p o etSSS'

These imply p*ss | p¥st ™€ 7€  and hence kg < kg, + e, — e, or kg — e, <
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kg — e,. Because of (6), we have ky —e; < ky, — e, < k; — ¢,, and hence
kg — ey < k,; — e, where s < t. ®)
Conversely, if 7 = ®L; @' (pkUSU-), then [ is a subgroup of Endg(M).

Since [ satisfies (6), (7) and (8), for any &, € Endgr(M), where

1,

s,tefl, 2,3, .., m}and pk78l~j e I, we have
ki ki
S5 (p¥8;) el and (pV8;)dy € 1.

Hence [ is an ideal of Endg(M). O

Based on the above theorem we can identify some ideals in Endp(M).

For example:
(1) Consider a cyclic decomposition of M of the form (1), then for all
k < e, p*Endp(M) is an ideal in End(M).

(2) Let M = (uy) ® (up) be a primary R-module. Then
(811) = span{dyy, 812, 831, P28} < Endpr(M)
and
(822) = span{p? ™28y, 81, 83y, 832} < Endp(M)
are ideals in Endp(M). Particularly k; =0 in (3;;) except for ky, and

kij = 0 in (85;) except for k.

3. Fully Invariant Submodules

In this section we discuss the structure of fully invariant submodules in

terms of the cyclic decomposition (1).

Definition 1. Let M be an R-module. A submodule X of M is called fully
invariant if for every f € Endz(M), the condition f(X) < X holds.
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According to the definition, aM is a fully invariant submodule of M for
any a € R. We present a connection between fully invariant submodules and

ideals of Endg(M).

Lemma 1. Let [ < Endp(M) be an ideal of the form (5), X be a
submodule of M, and 1(X) = {2?21 gixilgiel, x; € X}. Then I(X) is a
fully invariant submodule of M.

Proof. Note that if /' € Endgr(M) and v = 25;1 g;x; € 1(X) for some
g; €1, x; € X, then
k k
flv)= f(zgixz} = Z(fgi)xi e 1(X). O
i=1 i=1

Conclude that if 7 is an ideal of Endgp(M), then IM is a fully invariant

submodule of M. In general, a fully invariant submodule can be expressed as
a direct sum of multiple of cyclic summands of the module as described in

the following theorem.

Theorem 2. Consider a cyclic decomposition of a module M as shown in
(1). 4 submodule X of M is fully invariant if and only if

X =(p"luy) ® - @ (p°mu,,) )
for some 0 < s; < e;, where for each i with e; > e,

OSSi—SjSei—ej. (10)
Proof. Let X be a fully invariant submodule of M and &; for

i, j =1, ..., m be the endomorphisms defined in (3). It is clear that §;;(X) is

a submodule of (u;), and hence
8;;(X) = (p"u;)

for some nonnegative integer s; satisfying 0 <s; <e;. Since X is fully
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invariant, we obtain (p*'u;) = §;(X) < X forall i =1, ..., m. As aresult
(plu) ® - @ (p°mu,) < X.

Since Z;n:l d;; 1s the identity map, we obtain

X = [Z%’}(X) < Y 8i(X) = (plup) @ -+ @ (p°muy).
i=1

i=l1

Thus (9) holds. To show that (10) holds, let ¢; > e;. Then

el-—ej+sj

8;(p™u;)=p u € X N{u;) = (p°lu;)

and
. . S
8P’ lu;) = piuy € X N (uy) = (p/uy).
These imply

0<s;<e—-e;+s;and 0<s; <s;. an

J TR J =
Therefore, (10) holds.
Conversely, let X be a submodule that satisfies (9) and (10). Let

i, j =1, .., m and suppose ¢; > e;. Then

8;(p*u;) = P u; and 8i(p"1u;) = p'iu.
On the other hand, (10) implies (11). Hence

e,-—ej+s-

s 5
8;(puj)=p Tu; € (p¥iu;) < X

and
. . S
8ji(PS’”i) = Ps’“j e(p J”j> c X.
Since for i, j =1,..., m, §; generate Endp(M), we obtain that X is a fully

invariant submodule. U



526 Khaerudin Saleh, Pudji Astuti and Intan Muchtadi-Alamsyah

According to Theorem 2, we can describe the relationship between fully

invariant submodules of a primary module with its cyclic decomposition.

Lemma 2. Let I < Endg(M) be an ideal of the form (5), and

X =@/ (p'lu;)

be a fully invariant submodule of M. Then

0
1(X) = &L(p""w;), (12)
where 0; = min{0;; |/ € {1, 2, 3, ..., m}} and
0. = ki + 51, Sfor | <1,
i ky+s;+e —e, forl>i

Proof. Let pkyéy el and p’lu; e X, with i, j, 1 €{l,2,3,.., m}.

Then
kil+sl f . .
p u;, orl=j,1<i,
(p'78) (p*luy) =  pHsI ety for 1= 1> i,
0, for [ = j.

Let Gi = min{@l‘l |Z € {1; 2, 39 EEE) m}}’ and

0; =

ki + 51, for I <1,
{ (13)

ky +s; +e —e, forl>i

Then
kij i 6;
(p"78;) (p*'uy) € (p"'u;).

Furthermore, because I = ®;L; @, (pkUSU) and X = @1 (p’iu;), we

have

n

0

1(X) = {Zgixi gi €1, x; € X} < ®Li{p " u;).
i=1
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Conversely, if x e ®”(p%u;), then x = Z:.":lal-peiu,- for a; € R.

Because of (13), there exists an /, such that 6, =0 Furthermore, if

il

i 21y, then

m m m

9-1 k-[ +1] k~[ 1}

x = ap Oy = op 0 0w = a(p 08;,)) (p0wy,) € 1(X)
i=1 i=1 i=1

and if i < [y, then

< 0 S kijo +t + /
il ilo tiy +ei—elo
x=Zal~p Ou; =Zoc,~p 070 u;
i=l1 i=1

m
k; t
= > 0 (p8y,) (p0uy,) € 1(X). O

According to Lemma 2, we can describe the form of 7(X) by its cyclic
decomposition. Note that for every fully invariant submodule X < M , there
exists an f € Endg(M) such that /(M) = X. Furthermore, we can see that
for every fully invariant submodule X < M, there exists an ideal
I < Endgr(M) such that I(M) = X.

According to Theorem 2, we can see the connection between a fully
invariant submodule in M with its direct summands.

Corollary 1. Consider a cyclic decomposition of a module M as shown

in (1). Let H be a submodule fully invariant of (u;). Then there exists a fully

invariant submodule H of M with H as a direct summand of H.

Proof. Let H = (p"iu;), 0 < h; < ¢; be a fully invariant submodule of

(u;). For j =1, ..., m, let

h;, if j<i,
S | min{ly, e}, if j > i
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Then hy, hy, ..., h,, satisfy conditions

0<h <g, foralli=1..,m
and

OShi—h <€i—€j, lfel-Ze

J = J:

Thus the submodule
n
h.
H =@ (p"u;)
i=1

according to Theorem 2 is fully invariant in M with H as one of its direct

summands. O

4. S-prime Submodules

In this section we describe a characterization of S-prime submodules in
primary modules. The concept of an S-prime submodule was introduced by
Sanh et al. as a generalization of prime ideals in an associative ring [2].

Definition 2. A proper fully invariant submodule X < M is called an
S-prime submodule of M if for every ideal I of Endgr(M) and every fully
invariant submodule U of M satisfying I(U) < X, we have Uc X or
I(M)c X.

Our characterization of an S-prime submodule is developed in relation

with the characterization of fully invariant submodules in terms of the cyclic
decomposition of the module.

Theorem 3. Consider a cyclic decomposition of a module M as shown in
(1), and let iy be the smallest positive integer i € {1, 2, 3, ..., m} such that
e > ¢ Let X be a proper fully invariant submodule of M which satisfies
(9) and (10). Then X is an S-prime submodule of M if and only if 0 < s; <1,

where sy =1 and s;, = 0.
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Proof. Let X be an S-prime submodule of M. Suppose there exists

1 <i <m such that s; > 2. Since the integers sy, ..., 5, satisty (10), we
have s; > 2. Let i > 1 be the smallest positive integer such that s; > s; .

That means the following inequalities

S| = =S5 > S 28 228y, 20

hold. Define m-tuple of nonnegative integers (z, ..., #,,) as follows:

{Si - 1, if i= 1, veey ll - 1,
ti =
S

i ifizil,il +1, ..., m.

It is easy to verify that (7, ..., #,,) satisfies

OSZ‘Z _Z] Se,-—ej for each € Zej

and so the submodule U = @/, (p"iw;) is fully invariant but U ¢ X since
s;1 > 1. Let I = pEndp(M) be the ideal of Endp(M) generated by the
endomorphism p3;;, where 8; € Endp (M) is defined in (3). We obtain
IU)c X, but U« X and I(M)=pM & X since pu; € pM and
pu; ¢ X. This contradicts the fact that X is S-prime. Thus 0 <'s; <1 for all

Furthermore, let iy € {1, 2, 3, ..., m} be the smallest positive integer such
that e; > e;. Suppose that sy =s; =1 and # >iy. That means the

following inequalities hold:

S| == Sioo1 = Sjg = Sigal == S > Sy 2 Sj41 22 Sy 2 0.

Define the ideal 7 = @;Z; @' (pkif8U> C Endp(M), where

(14)

i =

o = 0, for1<i<iy or 1< j<ip,
1, fOI‘iZiO and jZio,
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and a fully invariant submodule U = @7, (p'iu;) < M, where

tl'z

s;, forl<i <,
0, foripg<i<m.

Since 0 = #;, <s;, =1, U € X. Note that

0;
IU) = ®iLi(p " u;),
where 6; = min{0;;|/ € {1, 2, 3, ..., m}} with

kil + 1, for [ <1,
= Vky +t) + e — ey, forl>i.

From (14) and (15), for 1 < i < i,
kl']-l-tl:l, for [ <1,
9,-1: kil+tl+ei_el:1’ forl>iandl<i0,
ky+t +e —e =e —e, forl>iand/ 2> iy,
and for iy <7 < m,
kij+1t =1, for / <iand !/ =iy,
9,-1= kil+tl=2’ forlSiandl<iO,
ki+tj+e—e =1+e¢ —¢, forl>iand! > i,
which imply 0, = 1. Hence I(U) < X.
On the other hand
I(M) = &(p"u;),

where n; = min{n;; |/ € {1, 2, 3, ..., m}} with

L2 for [ < i,
W= k)t e e, fori<l

(15)
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From (14), for 1 <i < iy,

ki =0, for [ <1,
Ny =k +e —e =0, for / > i and / < iy,
kl-1+el-—el=el-—el, forl>iand12i0,

and for iy <i < m,

ki =1, for / <iand !/ =iy,
Ny = ki =0, for / <iand ! < iy,
k,-l+el-—el=1+e,-—el, forl>iandl>i0,
which imply n; = 0. Hence /(M) =M ¢ X. Thus I[(U)c X but U ¢ X
and /(M)=M ¢ X. This contradicts the fact that S is an S-prime. Thus

S

, =8 or s =0.

Io
Conversely, let X be of the form (9) and (10) with s; =1 and Si = 0.

Let  be an ideal of Endg(M) of the form (5) and U = @, (p'iu;) be a

1=

fully invariant submodule of M such that 7/(U) < X. Consider that
1U) = 7 (pi;), (16)
where 0; = min{0;; |/ € {1, 2, 3, ..., m}} with

0 kil +1, for [ <1,
il k,-l+tl+el-—el, fori </,

and
1(M) = &L (p"y;), a7
where m; = min{n;; |/ € {1, 2, 3, ..., m}} with

L2 for [ <1,
W=k + e — e, fori<l.
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Suppose U ¢ X, since s; =1 and s; > sj, for i, ip € {l, ..., m}, we obtain

1 =0 and s7 =1. According to (10), we have that #, =0 for ie
{1, 2, ..., m}, furthermore

ki, for | <1,

1

0 = {k .
it e —e, for i < /.
Hence 0; = n; and

IM)=1U)c X.
Thus X is S-prime. O

According to above theorem we can easily identify an S-prime

submodule in a primary module. For example: Consider M = Zg4 @
Zi¢ ®Zg as a Z-module, then 2Z¢4 @ 274 @ Zg is not an S-prime
submodule of M.

We close this section with a description of a relation between prime

submodules and S-prime submodules.

Theorem 4. Let M be a primary R-module. If X < M is an S-prime
submodule of M, then X is a prime submodule of M.

Proof. Consider a cyclic decomposition of the module M as shown in (1)
and so the submodule X is of the form (9) which satisfies (10) with

0<s; <1, where 5y =1 and 51 > 5;,.

We prove that X is a prime submodule of M. From the fact 0 <s; <1

and s; = 1, we obtain that the ideal
X:M)={reR:rM c X}
is generated by p. Let re€ R, xe M be such that »x € X. Let

X = Zlmzl o;u; for some o; € R. Then rx = Z:i ro;u;. Suppose x ¢ X.

1
Then X is prime if we can show that » € (X : M) which is obtained by
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showing that p|r. From x ¢ X, X is of the form (9), and x = Zlm:l o
there exists i < iy such that o;u; ¢ (ps"l ”i1>‘ This implies s; =1 and

p 1 o;. Because rx € X, we obtain rou; € (p*iu;) forall i =1,..,m. In
particular, we have roy ;€ ( P“il>- Thus p| ro,, . Because p is prime and

p{ail,thenp|r. O

Note that the converse of the above theorem is not true. There exists a
prime submodule which is not fully invariant. Hence not every prime
submodule is an S-prime submodule. For example, consider M = Zg x Z3,
as a Z-module. Then X = 0 x 2Zs, is a prime submodule. This is because
for every m=(a,b)e M,r € Z with rm = (ra, rb) € X implies that
re(X:M) or m e X. In contrast the submodule X is not S-prime, because

X is not fully invariant.
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