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Abstract 

Let G be an infinite group. μ denotes the number of the conjugacy 
classes of non-subnormal subgroups of G. ∞<μ  and ∞μ  denote the 

number of the finitely length and infinitely length conjugacy classes of 
non-subnormal subgroups of G, respectively. 

Let G be a group with .2=μ  Then it is proved that 

(1) there exists no infinite group with ;2=μ ∞<  

(2) if ,1=μ=μ ∞∞<  then there exists some normal subgroup 

,GN �  such that NG  is a finite non-nilpotent inner-abelian group, 

where N is a group with all subgroups subnormal; 

(3) if G is infinite locally finite, then G is a Baer group, and .2=μ∞  
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1. Introduction 

This paper continues to study the groups in which the set of non-
subnormal subgroups is restricted in some way. It is well known that groups 
with all subgroups subnormal are locally nilpotent. More recently, we have 
the work of Möhres that every group with all subgroups subnormal is 
soluble. Now, there are various results on groups in which the set of non-
subnormal subgroups is non-empty, but there is some restrictive condition on 
non-subnormal subgroups - for example [2, 5, 6, 7, 9]. On the other hand, 
many researchers have focused on the groups with finite conjugacy classes of 
some special subgroups, see [10, 11]. In [3], the authors have proved that 
groups with one finitely length conjugacy class of non-subnormal subgroups 
are finite non-nilpotent inner-abelian groups. Here we consider groups with 
two conjugacy classes of non-subnormal subgroups. 

Let G be an infinite group. μ denotes the number of the conjugacy 
classes of non-subnormal subgroups of G. ∞<μ  and ∞μ  denote the number 

of the finitely length and infinitely length conjugacy classes of non-
subnormal subgroups of G, respectively. 

2. Basic Definitions and Preliminaries 

In this section, we first state some results which will be used in the 
sequel. 

Lemma 1 [1]. Let G be a finite group. Then 1=μ  if and only if G is a 

finite non-nilpotent inner-abelian group, that is, 

;1...,,,, 2121
qqqp bbbabbbaG ββ =====|=

α
"  

[ ] ;1...,,2,1,;...,,2,1,,1, 1 −β==β== + ibbjibb i
a
iji  

,21
21

β
ββ =
ddda bbbb "  

where ( ) 12
1 dxdxdxxf −−−−= −β

β
β "  is an irreducible polynomial 
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over the field ,qF  which divides ,1−px  and ( ) qppq ≠≡β ,mod1  are 

prime numbers. 

Lemma 2 [8]. Let G be a group, ., GKH ≤  If ,sn,sn GKGH  and K 

normalizes H, then KHJ ,=  is subnormal in G. 

Lemma 3 [8]. Let G be a group, .GH ≤  If ,: nHG =  then 

!.: nHG G |  

Lemma 4 [8]. Let G be a nilpotent group with nilpotent class c. If 
,GH <  and ( ),, 10 iGi HNHHH == +  then .GHc =  

Definition 1. Let P  be a property of groups. Then a group G is called a 
locally P -group if each finite subset of G is contained in a P -subgroup of 
G. If the property P  is inherited by subgroups, this is equivalent to the 
requirement that each finitely generated subgroup have .P  

Definition 2. Let G be a group and .GB ≤  Then B is called the Baer-
radical of G, if B is generated by all the abelian subnormal subgroups of G. 
And G is called a Baer group, if ,BG =  it is equivalent to the requirement 
that every cyclic subgroup of G is subnormal. Clearly, the Baer-radical B is 
the maximal Baer group of G. The Baer group is a special type of locally 
nilpotent groups. 

Lemma 5 [4]. Let G be a locally nilpotent group in which every 
subgroup that is not self-normalizing is subnormal. Then every subgroup of 
G is subnormal. 

Lemma 6. There exists no locally nilpotent group with .1≥μ ∞<  

Proof. Let H be non-subnormal in G, and ( ) .: ∞<= nHNG G  

Assume that G is locally nilpotent. Let ( ) ( )( )∩ Gg
g

GGG HNHNN ∈== .  

Then ,GN �  and !: nNG |  by Lemma 3, hence NG  is finite. Since G is 

locally nilpotent, NG  is locally nilpotent. Thus NG  is nilpotent. It 

follows that ( ) NGNHNG sn  and ,snGH  a contradiction. 
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Remark. Lemma 6 shows that if H is a non-subnormal subgroup of the 
locally nilpotent group G, then H has infinitely conjugates in G. 

Lemma 7 [4]. Let G be a locally finite group and suppose that G is not 
locally nilpotent. Then every non-subnormal subgroup of G is self-
normalizing if and only if the following hold. 

(1) ,APG =  where gP =  is a cyclic p-subgroup for some prime 
p. 

(2) A is a nilpotent p′ -subgroup and ( ) .p
P gAC =  

(3) .AG =′  

(4) ( ) .PPCG =  

Lemma 8 [8]. Let G be a locally finite and P be a finite Sylow 
p-subgroup of G. Then all Sylow p-subgroups of G are conjugate. 

3. Main Results 

Theorem 1. There exists no infinite group with .2=μ=μ ∞<  

Proof. Assume that G is an infinite group with .2=μ=μ ∞<  Let H and 

K be non-subnormal and not conjugate in G. By Lemma 6, G is not locally 
nilpotent, and hence G is not a Baer group, which follows that H or K is a 
cyclic group. Let aH =  be a cyclic group. Then H is a finite cyclic group. 

In fact, if H is infinite, then pa  is the maximal normal subgroup of H, for 

every prime p. Since G has only finitely non-subnormal subgroups, there 

exist at least two different maximal normal subgroups pa  and qa  

( )qp ≠  of H, such that Ga p sn  and .snGaq  Thus GaaH qp sn,=  

by Lemma 2, a contradiction. So H is a finite cyclic group. Let ( ).HNN G=  

Then N is also non-subnormal in G, and N is conjugate to H or K. Since 
,: ∞<NG  N is infinite, and hence N is conjugate to K. Without loss of 

generality, let KN =  and .KH �  Now, ( ) .KKNG =  In fact, since 

( )KNG  is non-subnormal in G, ( )KNG  is conjugate to K. If ( ),KNK G<  
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then "" <<<<<= nKKKKK 210  is a chain of non-subnormal 

subgroups of G, where ( ),1 iGi KNK =+  furthermore, iK  is conjugate to K 

for all i, which contradicts ( ) .: ∞<KNG G  Let ∩ Gg
g

G KK ∈= .  Then 

GKG �  and ∞<GKG :  by Lemma 3. If ,GKH <  then 

,GKH G ��  and hence ,snGH  a contradiction. Since H is finite and GK  

is infinite, there exists some element GKb ∈  and Hb ∉  such that 

., Kbaba ≤=  Since baa ,�  and a  is non-subnormal, ba,  

is non-subnormal, and hence ba,  is conjugate to K. It follows that b  is 

an infinite cyclic group. Similarly, we have that 22, baba =  is also 

conjugate to K. It is easily verified that 22 ,, baba b =  and 

( )., 2baNb G∈  However, ,, 2bab ∉  that is ( ),,, 22 baNba G<  

which contradicts ( ) .KKNG =  ~ 

Theorem 2. Let G be an infinite group with .2=μ  If ,1=μ=μ ∞∞<  

then 

(1) there exists some normal subgroup ,GN �  such that NG  is a 

finite non-nilpotent inner-abelian group; 

(2) G is soluble. 

Proof. Assume that G is an infinite group with 2=μ  and 

.1=μ=μ ∞∞<  Let H and K be non-subnormal and not conjugate in G, and 

aH =  be a cyclic group. Since ( )HNG  and ( )KNG  are also non-

subnormal in G, and ,1=μ=μ ∞∞<  we have that ( )HNG  is conjugate to 

H, and ( )KNG  is conjugate to K. 

(1) Case 1. ( ) ( ) .:,: ∞=∞< KNGHNG GG  

Now ( )HNG  is infinite, that is, H is an infinite cyclic group. Hence 
px  is the normal maximal subgroup of H, for every prime p. Clearly, px  
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is not conjugate to K. Since H has only finitely conjugates, there exist two 

different maximal normal subgroups px  and qx  of H, such that 

,snGx p  and ,snGxq  which follows that ,snGxxH qp=  a 

contradiction. 

Case 2. ( ) ( ) .:,: ∞<∞= KNGHNG GG  

If ( ) ,g
G HHNH =<  for some ,Gg ∈  then �"�� 10 HHH =  

"�nH  is a chain of non-subnormal subgroups of G, where =+1iH  

( ).iG HN  Moreover, iH  is conjugate to H for all i. Thus iH  is cyclic, and 

of course is nilpotent. Let the nilpotent class of H be c. Then 1+cH  is also a 

nilpotent group with nilpotent class c. According to Lemma 4, ,1+= cc HH  

a contradiction. So ( ),HNH G=  and hence the maximal subgroup M of H 

is not conjugate to H, since ( ).MNHM G≤�  Clearly, M is not conjugate 

to K, and hence .snGM  Thus H has only one maximal subgroup according to 

Lemma 2, which implies that H is a finite cyclic group with order ,mp  

where p is a prime, and .1≥m  Let ∩ Gg
g

G KKN ∈== .  Then ,GN �  

and NG  is a finite group. Since N is infinite, .HN ≤/  Clearly, NK  is 

non-subnormal in ,NG  and NG  has only one class of conjugate non-

subnormal subgroups. By Lemma 1, NG  is a non-nilpotent inner-abelian 

group. 

(2) According to Lemma 1, ,NQNKNG =  where NK  is a 

cyclic group with order ,αp  and NQ  is an elementary abelian group with 

order ,βq  where p and q are different primes, and .1, ≥βα  Let =NK  

,gN  where .Ng ∉  Then ,, NgNgK ==  since .KN �  Thus g  

is non-subnormal in G, since K is non-subnormal in G, and g  is conjugate 

to H, that is, NH ≤/  by .Ng ∉  It follows that all subgroups of N are 

subnormal, and N is soluble. Of course, NG  is soluble, and so G is soluble. 
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Theorem 3. Let G be an infinite locally finite group with .2=μ  Then G 

is a Baer group, and .2=μ∞  

Proof. Let G be an infinite locally finite group with ,2=μ  H and K be 

non-subnormal and not conjugate in G. Assume that G is not locally 
nilpotent. Then ,AHG =  where aH =  is a cyclic p-subgroup for 

some prime p, A is a nilpotent p′ -subgroup and ( ) ,p
H gAC =  according 

to Lemma 7. Let B be the Baer-radical of G. Then ≤/= baL ,  

,paAB ×=  for some ,1 Ab ∈≠  hence BLG =  and .LH ≤  If 

( ) ,JLNL G =<  then LLH kk =≤  for some ,Jk ∈  and kH  is a Sylow 

p-subgroup of L, so there exists some Lg ∈  such that gk HH =  by   

Lemma 8, and hence ( ),1 HNkg J∈−  that is, ( ) .LHNJ J=  Since =H  

( ),HNG  ( ),HNH K=  ,LHLJ ==  a contradiction. It follows that 

( ),LNL G=  which implies that L is non-subnormal. Since G is locally 

finite, H and L are finite, thus L is conjugate to K by .LH <  Similarly, it 
can be proved that gba ,,  is also non-subnormal in G, for every 

,1 Ag ∈≠  and hence gba ,,  is conjugate to K, that is, conjugate to L. So 

Lgba =,,  by ,,, gbaL ≤  which follows that ,Lg ∈  for every 

.1 Ag ∈≠  Thus LG =  is finite, a contradiction. Hence G is locally 

nilpotent, and 2=μ∞  by Lemma 6. 

According to Lemma 5, without loss of generality, let ( ).HNH G<  

Since ( )HNG  is also non-subnormal, ( )HNG  is conjugate to H or K. 

Assume that ( )HNG  is conjugate to H. Then there exists some Gg ∈  such 

that ( ) .g
G HHNH =<  Clearly, G is periodic since G is locally finite, and 

hence .∞<= ng  So 

,
12

HHHHHH
nn gggg =<<<<<

−
"  

a contradiction. Thus ( )HNG  is conjugate to K. Without loss of generality, 
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let ( ) ,KHNG =  that is, .KH �  Clearly, ( ) .KKNG =  Assume that K is 

finitely generated. Then K is a finite nilpotent group. Since G is an infinite 
periodic group, there exists some element ,, KgGg ∉∈  and rg =  for 

some prime r, such that gKL ,=  is a finite nilpotent group. Hence 

,LK �  which contradicts ( ) .KKNG =  Assume that H is finitely generated. 

Then ,, KkH =  for some ., HkKk ∉∈  Otherwise, ,sn, GkHH �  

and ,snGH  a contradiction. So K is finitely generated, a contradiction. That 
is, H and K are infinitely generated groups, and all cyclic subgroups of G are 
subnormal. Hence G is a Baer group. ~ 

Remark. Let G be an infinite group with .2=μ  Then Theorem 3 shows 

that 

(1) the length of the conjugacy classes of non-subnormal subgroups of G 
is infinite; 

(2) if H and K are non-subnormal and not conjugate in G, then H, K are 
infinite. Moreover, ( ) KHNG =  and ( ) .KKNG =  
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