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Abstract

In this paper, we present some new integral inequalities via Hadamard
integral and apply these inequalities to construct special inequalities.

1. Introduction

In recent years, inequalities are playing a very significant role in all
fields of mathematics, and have applications in many fields. Consider the
functional

T(f, g)::ﬁ‘[:f(x)g(x)dx—(ﬁj:f(x)dxj(ﬁj:g(x)dxj, (L.1)

where f and g are two integrable functions which are synchronous on [a, b],

(e, (F(x)— f(y)(g(x)—g(y)) =0 forany x, y €[a, b]), given in [1].
Many researchers have given considerable attention to (1.1) and number of
inequalities appeared in literature see [2, 7, 8].
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Recently many authors have studied integral inequalities on fractional
calculus using Riemann-Liouville, Caputo derivative, see [2-5] and the
references therein.

Another kind of fractional derivative is the fractional derivative due to
Hadamard [6]. Recently in the literature, there appeared some results on
fractional integral inequalities using Hadamard fractional integral; see [7-10].

The aim of this paper is to establish two integral inequalities using
Hadamard fractional integral.

2. Preliminaries

In this section, we give some preliminaries and basic proposition used in
this paper. We give some definitions of Hadamard fractional integral as in
[11, p. 159-171]. The necessary background details are given in the book by
Kilbas et al. [12].

Definition 1. The Hadamard fractional integral of order oo € R* of a
function f(t), forall t > 1 is defined as

_ 1ot et dx
Dif(t)=——| [In— f(x)—, 2.1
WD 10 = s [ | 1005 @
where I' is the gamma function defined by
_ ® _x,a-1
F(a)_.[o e X" dx,

where o > 0. Note that T'(a + 1) = al'(a).

From the above definitions, we can see the difference between Hadamard
fractional and Riemann-Liouville fractional integrals. The kernel in the

Hadamard integral has the form of In(%) instead of the form of (x —t).

In [8], Chinchane and Pachpatte presented a fractional integral inequality
via Hadamard integral as follows.
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Theorem 2 [8]. Let f and g be two functions on [0, o) such that

(f(x) = f(y)(9(x) - g(y) = 0
for all x, y. Then

4 DI (fg)() > F((l‘;‘—t;j)( DL D) (DL a())
forall @ >0, t > 1.

In [9], Sroysang presented new inequalities on Hadamard fractional
integral as follows.

Theorem 3 [9]. Let f, g and h be functions on [0, ) such that
(f(x) = £(y)(g(x) = g(y) (h(x) + h(y)) = 0

for all x, y. Then
H Dyt (fgh) (t)y Drt'(t) + DLy (fg)(t)y Dyh(t)
> DL {g(t)y DL () (1) + 4 DLE () DL (gh) ()
forall a >0, t>1.

3. Results

Theorem 4. Let f, g, h and k be functions on [0, o) such that

(FO) = f(¥)(9(x) = g(y)) (h(x) + h(y)) (k(x) + k(y)) = 0

for all x, y. Then
4 DLE(fohk) (1) DL + D¢ (fgh) () DL(D)
+ WDLE(fgk) (D) DLYN() + 1 DLE(fg) (B) DLE (k) (V)
> D¢ f (D DLE(OhK) (1) + 4 DLEG()y DLE(hk)(1)
+ WDLE(M) () DLE(GK) (1) + 1 DLE(K) () DLE(gh) (1)

forall a >0,t >1.
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Proof. By the assumption, for any x, y, we have
(fghk) (x) + (fghk)(y) + (fgh) (x)k(y) + k(x)(fgh)(y)
+ (fgk) (x)h(y) + h(x) (fgk)(y) + (fg) (x) (hk) () + (k) (x) (fg)(y)
> (%) (ghk) (y) + (ghk) (x) T (y) + g(x) (thk) (y) + (hk) (x) g(y)
+ () (%) (gk) (y) + (gk) () (fh) (y) + (k) (x) (gh) (y)
+(gh) () (k) (y).

Then

a-1 a-1
In;) (fghk)(x)d—):( ; Lt(lnéj (fghk)(y)d—)z(

a—1
(fah) (x)k(y) &

a-1

_ a-1
0 (g () S+ [[[1n ] (fak) on(y) &

h(x)(fgk) (y) &

a-1

— a-1
()0 L+ [ (It 0 (1) (0

)
)
-
)

] o« o i

—

it s &
J

a-1 a-1
[In%j (fhk)(x)g(y)d—;+j;(ln§j () () (gk) () &

+
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Y @ me &

NG RO SINCE

Consequently,

H Dyt (fghk) (t) + (fghk) (y)y Drt"(@) + k(y)y DLt (fgh) (1)

a-1

(g) () () () -

+ (fgh) () Dyt (k) (1) + (h) (y)y Dot (fgk)(t)
+ (fgk) (¥)p Dyt (h) (1) + (hk) (y)y DrE (Tg) (1)
+(fg) () Dt (hk) (1)

> (ghk) (y)y D (F)(®) + f(y)y Dt (ghk)(t)
+ (thk) (¥)y D1 g(t) + 9(y)y Drt (Fhk)(t)
+(gk) (¥) DLt (Fh) (©) + (fh) (y) Dyt (gk) (1)

+(gh) (y) Drt (k) (©) + (k) (y)y DLt (gh) (v),
where oo > 0,t>1and y € (4, t).

Similarly, we can write
H D1 ¢ (fghk) () DLt (1) + W DLt (fgh) () DLi'k(t)
+ Dy ¢ (fgk) (t)y Dy eh(t) + 4 Dt (fg) () Dyt (hk) (1)
> 4Dyt f (1) Dyt (ghk) (1) + 1 D g(t)y Dyt (fhk)(t)
+ H Dyt (fh) (1) Dt (gk) (1) + W DL T (k) (1) Dyt (gh) (1),

where o > 0, t > 1 and this ends the proof.
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Theorem 5. Let f, g, h and k be functions on [0, «) such that

(f(x) = F(y))(9(x) — g(y)) (h(x) - h(y)) (k(x) — k(y)) = O
for all x, y. Then

H D7t (fg) (O Dyt (hk) (1) + 1 DY (gk) (t)y DLt (fh) (1)
+ 1Dyt (k) () Dyt (gh) (1) + p Dt (fghk) (t)y DL ()
> Dyt (fhk) (1), DL (9) (M) + WDyt (fgk) (t)y Dt (h) (1)
+ 1Dyt (k) () Dyt (fgh)(t)+ DLt (f)(t)y Dyt (ghk)(t)
forall a >0, t>1.
Proof. By the assumption, for any X, y, we have
(fg) (x)(hk)(y) + (hk) (x)(fg)(y) + (gk) (x)(fh)(y)
+(fk)(x)(gh) (y) + (gh) () (fk)(y)
+ (fh) (x)(gk) (y) + (fghk) (x) + (fghk)(y)
> (fhk)(x)g(y) + (fgk) (x)h(y) + k(x)(fgh)(y)
+(fgh) (x)k(y) + h(x)(fgk)(y)
+ (ghk) (x) £ (y) + g(x) (thk)(y) + f(x)(ghk)(y).
Similar to the proof of Theorem 4, we have
(hk)(y) D1t (f9) (®) + (fg) (¥)p Dr ' (hk) (1)
+ () (¥)n Drt (gk) (1) + (gh) (y)y Dyt (k) (1)
+ (fk) (y)y Drt(gh) (t) + (gk) (y)y Dyt (Th) (1)

+ 1 Drt (fghk) (1) + (fghk)(y)y Dyt (1)



Some Hadamard-type Inequalities on Fractional Integral ... 959
> (9) () Dyt (Thk) (1) + (h) (y)y DLt (fgk) (t)
+(fgh) (¥)y Dt (k) (1) + (k) (y)y DLt (fgh) (t)
+(fgk) (y)y DLt (M) (1) + (F)(y)y Dyt (ghk)(t)
+ (k) (y)y Dyt (9) (1) + (ghk) (y)y DLt (F)(1).
Similar to the proof of Theorem 4, we can write
H D1t (fg) (D DL (k) (1) + 14 DLt (k) (t)y Dt (Th)(t)
+ WDy (k) (1) Dt (gh) (1) + 1 Dyt (fghk) (1) Dt (D)
> Dy (hk) () DLt (9) (1) + n DL (fgk) M)y DLt (M) (1)
+ WD ¢ (K) (O DLt (fgh) (t) + 1 Dyt () () Dyt (ghk) (v),
where o > 0, t > 1 and this ends the proof.
4. Applications

Now using the results of Section 3, we give some special inequalities.
Example 1. The assertion follows from Theorem 4 applied for f(x) =
g(x) = h(x) = k(x) = x on [0, o) and o = 1.
Under the assumptions Theorem 4, we have inequality,
(x=y)(x=y)(x+y)(x+y) =0,

x* + y4 > 2x2y2.

Then
2D Fy gt Dy 2250721 50,
Intztz_1

t2+1'
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Example 2. The assertion follows from Theorem 4 applied for f(x) =
g(x) = h(x) = k(x) = x on [0, o) and o = 2.
Under the assumptions Theorem 4, we have inequality
(x=y)(x=y)(x+y)(x+y) =0,
x* + y4 > 2x2y2.

Then

11 .4 (Int)* (Int)2

> 2. _[ (t2-1) - Int} [(t 1)—Int]

(Int )>2[(t ~1)- 2|nt]2
[t 1) - 4Int]

Example 3. The assertion follows from Theorem 4 applied for f(x) =
X + ¢, g(x) = xe* + ¢y, h(x) = x, k(x) = xe* on [0, «0) and o = 1.
Under the assumptions Theorem 4, we have inequality
(x* - y*)(x%e** - y%e?) > 0,

X4 2X +y e2y > X2y2e2x Lx yZeZy

Then

2-(1t3e2t _ 3422 Syt 3 —Eezj Int
2 4 4° "8 @

[ (t2-1)- (1 o2t %ezt_%ezﬂ,

nts (=D (2 -1e* —¢?)
(4t3 - 6t2 + 6t — 3)e?t — €2
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Example 4. The assertion follows from Theorem 5 applied for f(x) =
g(x) = h(x) = k(x) = x on [0, ) and o = 1.
Under the assumptions Theorem 5, we have inequality
(x-y)* >0,
x* + 6x2y2 + y4 > 4x3y + 4xy3.
Then

%(t4—1)-%+6-%(t2—1)%(t2 —1)+%(t4—1)-%

24«%(t3—1)(t—1)+4«(t—1)%(t3—1),

t—1)(7t2 -2t +7)

Intz(
3t +1)(t? +1)

Example 5. The assertion follows from Theorem 5 applied for f(x) = x,
g(x) = x?, h(x) = x3, k(x) = x* on [0, ») and o = 1.
Under the assumptions Theorem 5, we have inequality
(x=y)(* =y ¢ -yt -y 2 0
x10 4 2x5y5 + y10 > xy9 + x2y8 + x8y2 + x9y.
Then

1 .10 Int 1l 5 1 5 1 10 Int
E(t —l)'ﬁ+2~g(t _1)§(t _1)+E(t —1)~ﬁ

I A BN e BEPISE o BEPINE It BEPINR e
2(t-0)- 5 -0+ (-1 2 -+ (-1 207 D)

+%(t9 ~1)-(t-1),
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Hi s 400t - 1) (t° — 1) + 225(t2 — 1)(t® - 1) - 144(t> —1)?

|
360(t10 — 1)
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