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Abstract

An estimator of the variance function of a compound cyclic Poisson
process is constructed and investigated. We do not assume any
particular parametric form for the intensity function except that it is
periodic. Moreover, we consider the case when there is only a single
realization of the Poisson process observed in a bounded interval. The
proposed estimator is proved to be weakly and strongly consistent
when the size of the interval indefinitely expands. In addition,
asymptotic approximations to the bias and variance of the proposed
estimator are computed.

1. Introduction

Let {N(t), t > 0} be a Poisson process with (unknown) locally integrable
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intensity function L. We consider the case when the intensity function A is
a periodic function with (known) period t > 0. We do not assume any
(parametric) form of A except that it is periodic, that is, the equality

(s + kt) = A(s) (1.1)

holds for all s > 0 and k € N, where N denotes the set of natural numbers.
This condition of intensity function is also considered in [4].

Let {Y(t), t > O} be a process with
Y(t) = ZN(t) X; (1.2)
L= TV '
where {X;j, i >1} is a sequence of independent and identically distributed

nonnegative random variables with mean p and variance 02, which is also
independent of the process {N(t), t > 0}. The process {Y(t), t > 0} is said to
be a compound cyclic Poisson process.

The model presented in (1.2) is a generalization of the (well known)
compound Poisson process, which assumes that {N(t),t>0} is a
homogeneous Poisson process.

There are many applications of the compound Poisson model. Some
examples are as follow. Application of the compound Poisson model in
physics can be seen in [2], while its application in insurance and financial
problem can be found in [1]. In addition, application of the compound
Poisson model in demography can be seen in [5], in geology can be seen in
[7], and in biology can be found in [8].

Suppose that, for some o € Q, a single realization N(w) of the cyclic
Poisson process {N(t), t > 0} defined on a probability space (Q, F, P)

with intensity function A is observed, though only within a bounded interval
[0, n]. Furthermore, suppose that for each data point in the observed

realization N(w)N[0, n], say ith data point i =1 2, .., N([0, N]), its

corresponding random variable X; is also observed. In [9], an estimator for
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the mean function of the process {Y (t), t > 0} has been constructed and its

consistency has been proved. Our goals in this paper are to construct an
estimator for the variance function of the process {Y(t), t > 0} using the

observed realization, to prove its consistency, and to compute asymptotic
approximations to the bias and variance of the proposed estimator.

The variance function of Y (t), denoted by V (t), is given by
V() = EINOIEIXE] = Ak,

with A(t) = '[(t)x(s)ds. Lett, =t-— HJT where for any real number X, | x |

denotes the largest integer less than or equal to X, and let also k; ., = HJ

Then, for any given real number t >0, we can write t = k; .t +1t,, with
0<t <t Let = %j(;x(s)ds, that is, the global intensity of the cyclic
Poisson process {N(t), t > 0}. We assume that

0> 0. (1.3)
Then, for any given t > 0, we have

A(t) = k10 + A(ty)
which implies
V() = (k<10 + Aty ).
2. The Estimator and Main Results

The estimator of the variance function V (t) using the available data set

at hand is given by
vn(t) = (kt,rTén + /A\n(tr ))PA‘Z ns (2.1)

where
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Kn -1
~ 1 L
0, = e Z N ([kz, kt + 1]),
' k=0
~ 1 Kn 1
Ap(ty) = - o N(lkr, ke +1t])
and
1 N([0, n])
~ _ X'2
H2,n N([O, n]) - [l
with k, . = EJ and the understanding that {1, , = 0, when N([0, n]) = 0.

Thus, V,(t) = 0, when N([0, n]) = 0.
Our main results are presented in the following four theorems.

Theorem 1 (Weak consistency). Suppose that the intensity function A
satisfies (1.1) and is locally integrable. If, in addition, Y(t) satisfies

condition of (1.2), then
.~ P
V() >V (1)
as n — oo. Hence, V,(t) is a weakly consistent estimator of V (t).

Theorem 2 (Strong consistency). Suppose that the intensity function A
satisfies (1.1) and is locally integrable. If, in addition, Y(t) satisfies
condition of (1.2), then

Vi) SV (1)

as n — oo. Hence, V,(t) is a strongly consistent estimator of V (t).

Theorem 3 (Asymptotic approximation to the bias). Suppose that the
intensity function A satisfies (1.1) and is locally integrable. If, in addition,
Y (t) satisfies condition of (1.2), then
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giaslVp (0] = - LU 1 o(e™)
e

as N — oo,

Theorem 4 (Asymptotic approximation to the variance). Suppose that
the intensity function A satisfies (1.1) and is locally integrable. If, in addition,
Y (t) satisfies condition of (1.2), then

2
Var|V. (t)] = %(%;t) £ 203tA () + ndeA(t) + ptheJ " o(nizj 2.2)

as N — oo,

We note that, since the bias?(V,(t)) is of smaller order than O(n™2), as
n — oo, we also have that asymptotic approximation to the Mean Squared
Error of our estimator is given by the r.h.s. of (2.2).

3. Some Technical Lemmas

In this section, we present some results which are needed in the proofs of
our theorems.

Throughout this paper, for any random variables X, and X on a

C
probability space (Q, F, P), we write X,—> X to denote that X
converges completely to X as n— o. We say that X, converges

completely to X if, for every £ > 0, " P( X, — X | > &) < oo,

Lemma 1. Suppose that the intensity function A satisfied (1.1) and is
locally integrable. Then

~

p
0, — 0, (3.1)
0, —6, (3.2)

An(t) > A, (3.3)
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Rnlt) > Alty), (3.4)
as n —» oo,

Proof. Proofs of (3.1) and (3.2) are similar to the proofs of Lemma 2 and
Lemma 3 of [9], while proofs of (3.3) and (3.4) are similar to the proofs of
Lemma 4 and Lemma 5 of [9]. Hence, these are omitted.

Lemma 2. Suppose that the intensity function A satisfied (1.1) and is
locally integrable. If, in addition, (1.3) holds, then with probability 1,

N([0, N]) = o (3.5)
as N — oo.

Proof. We refer to [9].
4. Proofs of Theorems 1, 2,3and 4

Proof of Theorem 1. By (2.1), (3.1) and (3.3), to prove Theorem 1, it
remains to check
R p
Hon—> U2 (4.1)

as n — o. Since {X;j, i >1} is a sequence of independent and identically

distributed nonnegative random variables, we also have that {X-Z, i>1}isa

sequence of independent and identically distributed random variables. By
Lemma 2 and the weak law of large numbers, we have (4.1). This completes
the proof of Theorem 1.

Proof of Theorem 2. By (2.1), to prove Theorem 2, it suffices to check

0, N (4.2)
Rlt) > Alty) (43)

and
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a.s

ﬁz, n—> U2 (4.4)

as n — o (cf. [3]). By (3.2) of Lemma 1 and the Borell-Cantelli Lemma, we
have (4.2). Similarly, (3.4) of Lemma 1 and the Borell-Cantelli Lemma also
lead to (4.3). By Lemma 2 and the strong law of large numbers, we obtain
(4.4). This completes the proof of Theorem 2.

Proof of Theorem 3. Expected value of \7n(t) can be computed as

follows:

EVa(t)] = E[ENV, (8)IN(O, nD]]

= > ENVa(®)IN([0, n) = m]P(N([0, n) = m)
m=0

ENVa()IN([O, n) = m]P(N([0, n]) = m),

M8

1

3
Il

due to V,,(t) = 0, when N([0, n]) = 0.

Now we note that, by Lemma 1 and Lemma 2 of [9], we have E[én] =0

and E[A,(t,)] = A(t,). A simple argument also shows that
E[fi2,n IN([0, n]) = m] = py.

By (2.1) and nothing that 1,  is independent of én and An(tr), we have

ENVa(0] = D (K, 110 + At ))uzP(N([0, n]) = m)

m=1

= (K, t0 + At ))uz Y P(N([0, n]) = m)

m=1
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= (kt, 70 + A(t))ua (1 - P(N([0, n]) = 0))

= (ky, <10 + A(tr))pp (L — e M),
Since A(n) = j;k(s)ds =n0 + O(1), as n — oo, we obtain

EV, (0] = (K, <10 + Alty))pp(t — e "0+0D)

_ V(t) (1 . e—ne+0(l))

V(t)

=V(t) - —g + o)

as n — oo, and Theorem 3 follows.
Proof of Theorem 4. The variance of V,,(t) can be computed as follows:

Var[V,, (t)] = E[(V,(1)*] - (EN, (t))?. (4.5)

The first term on the r.h.s. of (4.5) can be computed as follows:

E[(V, (1)?] = E[E[(V, (1))? IN([0, N])]]

= > E[Va®)*IN(0, N]) = m]P(N([0, N]) = m)

m=0

8

= Z [(Va®)? IN([0, N]) = m]P(N([0, N]) = m),

due to V,,(t) = 0, when N([0, N]) = 0.

First, we compute

E[(V(1))? IN([0, N]) = m]

m 2
= E{((kt,ﬂén + An(tr))%z Xizj ]
i=1
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LG
A 2 2
= E[((kt,rten + Ap () ]E (EZ;X?] . (4.6)
1=
The first expected value on the r.h.s. of (4.6) can be computed as
follows:

k¢ <T*E[67] + 2Ky, <TE[Bp A (tr)] + E[(An(t,))°] (4.7)

Now we note that, by Lemma 1 and Lemma 2 of [6], we have

0
Kp, <7

E2]= O+ 62 and E[(An(t ))2]—“” (A(t,)2. By (4.8) of [9],

we have E[énf\n(tr)] = A(t;)0 + lk\(—trr) Then, the quantity in (4.7) can be

n,rt
written as
k220 02|+ 2k A A )9+A(t) A(t) £ (A@))?
' kn,r ,rT
k2 10 2k. At
L P P Y i i G A(t) (A2
kn,r ' ' kn,r nr

Next, we compute

(%ix,zj ZE[X +iiE[x$]E[xf]
i i=1 |:1

- #(mE[Xf’] +(m? - m)(E[X£]?)
= u% + %G%,

where o3 = Var(X{). Then, we have
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E[(Va(®)? IN(O, N]) = m]

2kt, ‘cA(tr)
kn, T

k2 .10
_ [ L0 | k21202 + 2k, (1OA() + M) (a2
n,t

kn,r

y (ug + 1 Gg).
Therefore,
E[(Va(1)°]
= E[E[Va(®)*IN([0, NDI]

kn,‘t kn T

o0 2
zz£kt 0 L @207 4 2k, c0A () + )L AL )+(A(tr))2J

m=1

I\JN

jP(N([o N = m)

k¢ 170 2k; LAt
{ Lo 4 k2,e207 + 2k, (TOA(t) + o (&) A(t ) + (Alty ))ZJ
n,t

[uzzP(N([O N) = m)+022 P(N([0, N]) = m)}

m=1

A simple calculation shows that

i P(N([O, N]) = m) =1+ O(e_n)

m=1
and
2_11% P(N([0, N]) = m) = n—le + O(izj (4.8)

as n — o. Proof (4.8) can be seen in [9].
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Thus, we obtain

E[(Vy (1)?]
kZ 10 2k, At
Lt k 292 + 2k¢ LTOA(t,) + <A + Altr) + (A('[r))2
kn T ' kn,r kn,‘t

{p2(1+(‘)(e ")+ 02[ 19 + O( L jﬂ

Simplifying this quantity, and after some algebra, we obtain

E[(Vn ()]

— V(D) + (“g‘;(t) + 2uBtA(t) + pdeA(ty) + pdt e] v o( L
n

\_/

as n — co. Combining this result and Theorem 3, we obtain Theorem 4.
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