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Abstract

In this paper, we study the relation between w-limit sets and minimal
sets. It is known that every minimal set is an o-limit set. However, not
every o-limit set isa minimal set, although it contains a minimal set.
We would like to know under what condition, an o-limit set turns out
to be a minimal set. We prove a necessary and sufficient condition
under which every o-limit set is minimal. We aso establish a
sufficient condition for an w-limit set to be minimal.

1. Introduction

Throughout this paper, | denotes a compact interval and C(I, 1) denotes

the collection of all continuous functions f which map | to itself. For
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f e C(I, I), the nth iterate of f, denoted by (", is defined inductively by
setting £O(x) = x and /"(x) = f(f"'(x)) for n > 1. For x € I, (x, f)
denotes the set of all limit points of the sequence {/"(x)},>, and A(f) =
Uxe ; o(x, f). Let R(f) denote the set of all recurrent points of f and
AP(f) denote the set of all almost periodic points of /.

The main aim of this paper is to study the relationship between w-limit
sets and minimal sets. It is well-known that every minimal set is an ®-limit

set. However, not every o-limit set is a minimal set, although it contains

a minimal set. We prove that R(f) = A(f) is a necessary and sufficient
condition under which every o-limit set is minimal.

Another important result in this paper is a sufficient condition for an
o-limit set to be a minimal set. A special case of this result is that if an

-limit set consists of only periodic points, then it is a periodic orbit (a finite

minimal set).
2. Preliminaries and Known Results

Recall that f/ € C(I, I) is a continuous function of the compact interval

I into itself and f” is the nth iterate of f. In this section, we state the

definitions and notation and list some important theorems which will be used
later either explicitly or implicitly. Further, although we restrict our attention
to functions of a compact interval, many of the ideas are applicable to
mappings of a compact metric space and some of the results are also valid for

mappings of a compact metric space.
Definition 2.1. For a given point x € /, the trajectory or orbit of f at

x, denoted by O(x, f), is the sequence {f"(x)},-,. Sometimes we view

O(x, f) as a sequence and sometimes as a set. However, the context will

always indicate which is meant.
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In the case where O(x, /') has a finite range, x is called an eventually

periodic point of f. The set of all eventually periodic points is denoted by
EP(f).

Definition 2.2. A point x € [ is called a fixed point of fif f(x) = x.
The set of all fixed points of f'is denoted by F(f). If m is a positive integer,
a point x € I is called a periodic point of f of period m, if f™(x) = x and
fi(x) # x for 1 <i < m—1. The set of all periodic points of fis denoted by
P(f).

Definition 2.3. A point x € [ is called an almost periodic point of f if
for every open set U containing x, there exists a positive integer NV such that
if /™(x)eU and m >0, then f"**(x) e U for some k, 0 < k < N. The
set of all the almost periodic points of fis denoted by AP(f).

Definition 2.4. A point x € [/ is called a recurrent point of f if for

every open set U containing x, there exists a positive integer n such that

f"(x) e U. The set of all recurrent points of fis denoted by R(f).
Definition 2.5. For a given point x € /, the w-limit set of x, denoted by
o(x, ), is the set of all points y for which there exists a sequence {f”'¥ (x)}

such that as k — o0, n; —> o and f" (x) > y. A point y € o(x, f) is

called an -limit point. The set of all ®-limit points is denoted by A(f),
A =, ol 1),

Definition 2.6. A subset M of [ is said to be a minimal set with respect
to f'if it is nonempty, closed and invariant and if no proper subset has these
three properties.

Definition 2.7. f'is said to be turbulent if there exist closed subintervals
J and K such that J ()1 K contains at most one point, and J U K < f(J)

N f(K). If JN K = &, then fis said to be strictly turbulent.
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Definition 2.8. fis said to be chaotic if f" is turbulent for some positive
integer n. If fis not chaotic, then f'is said to be non-chaotic.

Definition 2.9. The symbol space is the metric space (X,,d), where

%, = {0, 1}V, Nis the set of non-negative integers and

d(s, t) = Z|Si _itil
i=0 2

for s = (SOS1S2 ), t = (fotlfz ) S 22.
The one-sided shift map o : %, > £, is defined by o(sys;sy 1) =
(s152-+-).

Note that o is continuous. Now we are in the position to list some known
results to be used later. They can be found in [3] unless other references are
specified.

Theorem 2.1. The following statements are equivalent:
(1) fis chaotic,
(2) f has a periodic point of period which is not a power of 2,

(3) there exists x € I such that o(x, f) properly contains a periodic

orbit,

(4) there exists x € I such that o(x, ) is countably infinite,
(5) AP(f)# R(f),

(6) there exists a compact set x < I such that f™(X)= X for some
positive integer m and a continuous map h of X onto X, such that each point

of X, is the image of at most two points of X and

he f"(x) = oo h(x)

forall x € X.
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Theorem 2.2. If f is chaotic, then there exists x € I such that o(x, f)

contains infinitely many minimal sets.
3. Relations between o-limit Sets and Minimal Sets

In this section, we establish a necessary and sufficient condition that
o-limit set be minimal for every x € I. Then we give some sufficient

conditions for an ®-limit set to be minimal. We start with the following
simple theorem which can be found in [4].

Theorem 3.1. w(x, 1) is a finite minimal set for every x € I if and only
if P(f)=A(f).
Proof. Assume (x, /') is a finite minimal set for every x € I. Then it

is easy to see that o(x, /) is a periodic orbit. So w(x, /) < P(f) for each

x € 1. Thus, we have

A = o, 1) < P(F) < A).

xel

So P(f) = A(f).

Conversely, if P(f)=A(f), due to the fact, P(f) < AP(f) < R(f)
< A(f), we have AP(f)= R(f)= P(f) which implies that f'is non-chaotic
by Theorem 2.1.

Now let x € 1. Then o(x, /) < P(f), since A(f) = P(f). So o(x, f)
contains a periodic orbit M. By Theorem 2.1, it cannot contain M properly.

Therefore, o(x, /) = M which is a finite minimal set. O

In order to prove a necessary and sufficient condition that every w-limit

set is minimal for a given f, we need the following lemma:
Lemma 3.2. [f R(f) is closed, then fis non-chaotic.

Proof. Suppose to the contrary that fis chaotic. Then, by Theorem 2.1(6),

there exists a compact subset X of 7 such that f”(X) = X for some positive



82 Liying Wang, Likun Kang and Long Wang

integer m and there is a continuous map /# of X onto X, such that each point

of %, is the image of at most two points of X and
ho f™(x) = oo h(x) 3.1
forall x € X. Since R(f™) = R(f) is closed, X N R(f™) is closed.
Claim. R(c) = h(X N R(f™)).
Proof of Claim. If x e X N R(f™), then there exists a sequence

{f"™(x)} such that as k — o, n; — o and f"¥"(x) — x. It follows

from (3.1) that "k (h(x)) = (/"™ (x)) which converges to A(x). This
shows that A(x) € R(c). On the other hand, if y € R(c) and y has a

unique x such that A(x) = y, then ¢"%(y) — y for some n; — . Again,

it follows from (3.1) that A(f"%"(x)) = ¢"* (y). Without loss of generality,

nypm

assume fk"(x)— x;. Then h(x;) = y implies that x; = x. So x € X

R(f™). Now suppose that there are two points x, x, € X with Ah(x)
= h(xy) = y. Then we have A(f"%"(x)))=c"%(y) and h(f"™*"(x,)) =
o'k (y). Again, without loss of generality, assume f"*"(x;) and f"*"(x,)
are two convergent sequences which converge to either x; or x,. Assume
x; € R(f™). Then f""(x;)— x, and x5 € o(x;, f™). Hence, f""(x,)
— x, since otherwise if /%" (xy) = x;, then x; € (x5, ) < o(x;, f™)
would imply x; € R(f™). So x, € R(f™). This shows that R(c)=
h(X NR(f™)). It follows from Claim that R(c) is closed. Thus, R(c) =
R(o). But, in =), we know R(c) = P(c) =%,. So R(c) = £,. This is a
contradiction, because obviously, (1, 0, 0, 0, ...) ¢ R(c). This proves that f'is

non-chaotic. OJ
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Now we are ready to prove the following theorem:
Theorem 3.3. o(x, f) is minimal for each x € I if and only if R(f) =
A(S)-
Proof. Assume that o(x, /) is minimal for each x € I. Then, for every

yeo(x, ), O(y, f)=o(x, /) which implies that y € AP(f). So
o(x, ) < AP(f)
and

M) = | olx, £) = 4P(1) < R(Y).

xel

It is trivial that R(f) < A(f). Therefore,
R(f) = A(f).

Conversely, if R(f) = A(f), then R(f) is a closed set which implies
that f is non-chaotic by Lemma 3.2. Let x € 1. If o(x, f) is finite, then
o(x, f) is a periodic orbit and therefore a minimal set. Assume (x, f) is
infinite. It also follows from the assumption A(f) = R(f) that A(f) =
AP(f). Hence, o(y, f) is minimal for all y € w(x, f). Since f is
non-chaotic, ®(y, /) contains a unique minimal set. Thus, o(x, )=
Uyem(x’f)oa(y, f)=o(y, f) forany y € o(x, /). This shows that o(x, 1)
is minimal. g

Now we give some sufficient conditions for an ®-limit set to be minimal.
First, we need the following lemma:

Lemma 3.4. Let x € 1. If o(x, ) < AP(f), then o(x, f) is either a
finite set or a Cantor set.

Proof. Suppose that w(x, /) is infinite. First, we show all points of

o(x, /) are limit points of w(x, /). Let y € o(x, /). If y is periodic, then
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it is a limit point of w(x, /). If y is not a periodic point, since y € AP(f),
o(y, ) is an infinite minimal set which is a subset of (x, /). Since
y € o(y, f) is a limit point of (y, f), itis also a limit point of w(x, f).

It remains to show that (x, /) is nowhere dense. Suppose to the
contrary that it contains an interval (a, b). Then " (x) e (a, b) for some
positive integer N. Since w(x, /) = AP(f), f™(x)e AP(f) and therefore

o(fN(x), f) is a minimal set. Thus, o(x, f) = o(f"(x), ) is a minimal
set. This contradicts that a minimal set is a Cantor set. So (x, 1) is either a

finite set or a Cantor set. g
Theorem 3.5. Let x € I. If o(x, ) < P(f), then o(x, f) is finite and
a periodic orbit.

Proof. For simplicity, assume / = [0, 1]. Suppose that o(x, /) is infinite.

By Lemma 3.4, it is a Cantor set. Now there are two possibilities:

(i) The periods of points in ®(x, /) are bounded.
(ii) The periods of points in @(x, /) are unbounded.

Let us assume case (i) first. Let K be the least upper bound of the periods
and N = K!. Then we have

N-1 .
ofx, 1) = o/ &), V)

j=0
and

S/ (), 1Y) = o700, ™).
Therefore, each o(f/(x), /) is infinite and therefore a Cantor set for

| < j < N —1. Choose an interval (a, b) such that (a, b) N o(x, /) =@,
o(x, YN0, @) # D and o(x, fY)N[b, 1) % D and choose a point ¢
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in (a,b). Let 4=o(x, FN)N[0, c], B=o(x, f¥)N[c, 1]. Then clearly
A and B are closed, disjoint and o(x, V)= 4 U B. Moreover, /" (4) = 4
and fV(B) = B. This is impossible.

Now assume the second case. Let B, ={y, f"(y)=y} and X, =
o(x, f)N B,. Then o(x, )= Un>1X , and each X, is closed. So, by the

Baire Category Theorem, there exist @, b such that o(x, /)N (a, b) = X,

N (a, b) which is not empty for some n. Since

n-1

olx, 1) = ol (). /"),
j=0
o(f/(x), 1) (@ b) # @
for some j. Since
o(f7(x). /") (@, b) € olx, ) [ (@, b) = X,, () (a, b).
we have

o(f/ (), /") [ (@ b) < F(/™).

Similarly, since o(x, /) is a Cantor set, o(f”(x), /") is a Cantor set.
Hence, we can find disjoint open intervals (¢, d;) and (¢, dy) in (a, b)

such that

o(f(x), /") (a1, dy) = @,
o( (), 1) [((e2s d2) = 2,
o( (), 1) (@, e2) # 2,
o(/7 (), ") (@ ) = 2.

Choose ¢ in (¢j, d|) and din (¢, d,). Then ¢, d ¢ o(f7(x), /™).
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Let 4=o(f/(x), f")N[e. d], B=o(f/(x). f")N (0. JU[d, 1]).
Then it follows from the choices of ¢ and d that A4, B are closed, disjoint and

o(f/(x), ™) = AU B. Moreover, we claim that
f"(4)c 4, f"(B)c B.

In fact, if y € 4, then y € X,, and f"(y) = y which gives f"(4)=A. Let
y € B. Assume that f"(y)e 4. Then f2*(y)= f"(y) and f™(y) = f"(y)
for all i >1 which implies that f™(y)# y forall i > 1. Butsince y € P(f)

= P(f"), this is a contradiction. So f"(B) < B.

Now we have that (/7 (x), )= AU B, where 4, B are closed, disjoint

and forward invariant under f”. This is also impossible.
So (x, f) is a finite set and therefore it is a periodic orbit. O

To prove the next result in this section, we need to establish the

following lemma:

Lemma 3.6. Let x € 1. If o(x, f) properly contains an infinite minimal
set M and f(o(x, f)\M) < o(x, f)\M, then M < o(x, f)\M.
Proof. It is clear that there exists y € M such that y € o(x, f)\M.

We proceed by contradiction. Suppose that there exists z € M such that
z ¢ o(x, f)\M. Then we can find an open neighborhood U of z for which

U (olx, S \M) = 2. (3.2)
Since M is minimal, there exists a positive integer N such that
N(y)eU. yeolx, f)\M implies that there exists a sequence {y;} <

o(x, /)\M such that y, — y. Thus, f¥(y)—> ¥ (»). So fN(y)eU
for sufficiently large k. Since y; € o(x, f)\M which is invariant under f,
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f N(yk) e o(x, f)\M. It follows that
U olx. /\M =@
which contradicts (3.2). Hence, M < o(x, f)\M. g

Theorem 3.7. Let x e l. If o(x, )< AP(f) and there exists an
interval (a, b) such that o(x, ) (a, b)# D and o(x, )N (a, b)
o(y, )N (a, b) for some y € w(x, f), then o(x, f) is a minimal set.

Proof. The proof is a consequence of Lemma 3.6. Since under the

hypothesis, if o(x, f)\o(y, f) # &, then some points of w(y, f) inside
(a, b) would be isolated from o(x, f)\o(y, f). So o(x, )= o(y, f)

which is minimal. U
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