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Abstract: An 3×× NN  tensor is an array ( ),ijkTT =  ,1 i≤  ,Nj ≤  and 

.1 pk ≤≤  The tensor is described as ( ),,, CBAT =  where A, B and C are nn ×  

square matrices. Recently, tensor data analysis has developed in many fields of 
application. For tensors, “rank” is a key concept, which expresses a complexity of 
the datum. A rank one tensor is an array ( )ijktT =  with ,kjiijk cbat =  where 

( ) ,...,,1
t

Naaa =  and ( )tNbbb ...,,1=  are N vectors, and ( )tpcccc ...,,, 21=  is a 

p-dimensional vector. A rank one tensor is the most simple structured tensor. A rank 
of tensor T is defined to be as the smallest integer r such that T is expressed as r 
sums of rank one tensors. The maximal rank for the set ( )pNN ,,T  of all 

pNN ××  tensors is defined as the maximum of ranks of tensors in ( ).,, pNNT  

Determination of the rank of a tensor or the maximal rank of the set of tensors are 
quite difficult problems and has attracted several other workers. Here, we introduce 
an important class of tensors as follows. 

Definition 0.1. A real tensor ( )pAAAT ...;;; 21=  is said to be absolutely 

nonsingular if pp AxAxAx +++ 2211  is nonsingular for all ( ) ≠pxxx ...,,, 21  

( ).0...,,0,0  

Sumi et al. [10] proved the claim of Atkinson et al. ([1], [2]) over the complex 
number field C  without any assumption and proved it over the real number field R  
except for the class of absolutely nonsingular tensors. Thus, for the complete proof 
of the claim of Atkinson et al. over ,R  the first thing to determine is all absolutely 
nonsingular tensors. Since there is no absolutely singular tensor for the case of odd 
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N, we assume that .2nN =  Furthermore, throughout this talk, we assume that 
3=p  for simplicity, though many things can be defined for a general p. Absolutely 

nonsingular tensors are characterized by the determinant polynomial defined as 
follows. Let ( )CBAT ;;=  be a 322 ×× nn  tensor with nonsingular slices A, B and 

C. Then ( ) =utsfT ,,  ( )uCtBsA ++det  is called the determinant polynomial of 

the tensor T. The following proposition holds. 

Proposition 0.2. Let ( )CBAT ;;=  be 322 ×× nn  tensor. Then T is absolutely 

nonsingular if and only if ( )utsfT ,,  does not vanish for all ( ) ( ).0,0,0,, ≠uts  

Thus, the problem of deciding whether T is absolutely nonsingular or not is 
rephrased as follows. 

Problem 0.3. For a given T, is there any real solution ( )uts ,,  such that 

( ) ?0,, =utsfT  

We are also interested in the following problem. 

Problem 0.4. For given tensors 1T  and ,2T  how can we decide whether they are 

equivalent or not under some rank preserving linear transformations? 

Another interesting problem is the following 

Problem 0.5. For a given T, how can we obtain a lower bound of its rank ?  

In this talk, we will review and discuss briefly how to challenge for these problems 
from multiple mathematical disciplines, algebra, real algebraic geometry, differential 
geometry and statistical theory. Sakata et al. [5, 6, 7] dealt with the Problem 0.3. In 
fact, these are related to the problem of positive polynomials, sum of squares, etc., 
which lie in the domain of algebra from the time of Hilbert [3]. These are also 
related to the theory of Positivstellensatz [9] and the recent programming method, 
Semidefinite Programming (see, for example, Parrilo and Strumfels [4]). Different 
from these, we will also show that the second Problem 0.4 can be attacked from a 
theory of differential geometric invariants and a theory of statistical integral 
invariants. For the third Problem 0.5 note that many researchers’ concern are 
addressed to the maximal rank, however, the lower bounds for ranks are also 
important. 
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